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Kepaiaio 2

EKTIMHZH ITAPAMETPQN

Ot otatiotikég detypatog rmou uroAoyidovrat amno ta dedopéva mou £xouv cuddexBel, onwg 1
Setypatikn) péon Tpn X Kat 1 Setypatiky 81aomopd s%, Xpno1onolouvial yia v eKTiUnon tov
OXETIKOV TTapapétpev mAnduouoy (1 kat o2 avtiotoiya).

Tevikd Ao 1g napatnproetg tou deiyplatog Prtopouiie va UTOAOYiCOULIE T ONHELAKT] EKTI-
Bnon (point estimation) kat tnv ektipnon dractpatog (interval estimation) tng apapétrpou
pag Y.

2.1 ZInpewarn Extipnon

H onueiaxn extiunon piag mapapérpou eivat n oTatioTiK 1ou urtoAoyidoupe amno to deiypa,
6nAadn eival pa tpr), nou unodoyidetal pe Pdon ta 6edopéva tou Selypatog Kal avipo-
O®IEVEL TNV TIPAYHATIKY T TG OXETIKNG MMAPAPETPOU Tou nAnBuopou. la mapadeiypa, o
pé€oog 0pog v 25 Tp®v Tou mopwdoug nAiou mou perprOnkav oe 25 dokipa yatdvOpara
€VOG KOITAOPATOG ATToTeAEl Pla ONHEIAKT) EKTIPNON TG PEONG TIHNG TOU ITopdoug nAiou yia to
yaiavOpka autou tou kottaopatog (6eg [Mapadetypa 1.2).

'Eoto X pa t.p. pe abpoiotikn ouvaptnon katavopng Fx(x; ) 1) ardda F(x; 9) rou s§aptatat
ano v napdapetpo & v onoia YEdoupe va ekuprjoovpe. 'Eote® akopa ot £€xoupe apatnpr-
oe1g {x1,...,X,} ng X amnod éva beiypa peyéboug n. Tdte n onpelakn ektipnon g & Sivetat
aro ) ouvapmon g(xi, . . ., X,) IOV TIHEV ToU Selylatog Iou AEYETal ERTIRNTPLA OUVAPTI o).
H sxuprtpia (estimator) tng & ard 1o deiypa eivat & = g(xy, . . .. X,).

Ene1dn o1 mapatnpnoeig {x;, ..., X} aAAddouv kabe @opd mou pedetape H1adpopetko Sety-
Ha peyeboug n, Popoule va UTTOOECOUE OTL O1 TIAPATNPNOELS {X1, . . . , X} €lval TIHEG TRV T. 1.
{X1,...,X,}, mou eivat ave§aptnteg petadu toug K1 akoAoubouv v idwa katavopr| F(x; 9). Apa
1 IAPAPETPOS & eival ocUVAPTNOT AUTOV TV T.H.. [a gukodia 9a xpnoipornolovpe 0 cupBo-
Aopo {xq, ..., x,} xat Sewpnuka (evvowviag tg t.u. {Xi, ..., X,}) kat mpakuka (evvowviag tig
MAPATPOUNEVES AplOPNTIKEG TIPHEG AUTHOV TRV T.1.).

Eivat gavepo ou yua 61(1q)opsm<(1 delypata (brapopetikég TIRES {xl, ..., X)) N EKUPNIPA
ouvdaptnon g MApapéTpou 5 naipvet 61c1q)opatu<sg TIHEG, 6nAa6n n 8 eivat n ida tp. pe
KATIOla KATAVoPn Kt €Xel péon tr py = E(9) xat Siaomopd 0é = Var(9).

AU0 ONPaVIIKEG TTAPAPETPOL Piag T. 1. X rou 9€Aoupe va eKTINHO0UNE ivat 1) péon Tpn U
K1 1 8aoropd o2.
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22 KE®PAAAIO 2. EKTIMHXH ITAPAMETPQN

Extipnon péong tipng Eivat guokd og exupnpla tng U va opicoupe ) detypuatnkn peon
Tiun ou opioape otnv I[Mapdaypago 1.2.1

x:%Zh; 2.1)

Extipnon dwaonopdg 'Onwmg yila tn Péon Tiar) £101 Kat yia ) 81a01mopd 02 1 eKupntpia ivat
n beryuatkn Staomopa nou opioape otnv Iapaypado 1.2.2 og

= Z(xi—)'c)z. 2.2)
i=1

n—1~4%

BéBaia propsi KAToO10g va 0pioet TV eKTIPATPLA TNS 02 O

2 1N oo
5 _n;(xl Xx)°. (2.3)

, 2 ) : . . ; 1 1
Ot ekupntpleg s~ Kat §° 61aPePouV POVO ©G IPOG T0 ouvieAeotr) tou abpoiopatog (= kat =
avtiotoixa). Ta peyddo n ot U0 ekuprIPleg cUyKAivouv otnv 161a tprn. Avartuocooviag ta

TeTpaymva g (2.2) éxoupe tov 10o0duvapo turo (opota yia v (2.3), beg emiong v (1.5) otnv

[Mapdaypago 1.2.2)
1 n
2 2 : 2 -2
s° = X’ —nx"|, 2.4
n-1 (i=1 L ) 24

nou ouvrO®G XPIOIHOIOI0UHE OTOUG UITOAOY1OP0UG.

2.1.1 Kpttpla KAA®V EKTIPNTPLOV

[Mapandve opioape KATIOG aubaipeta eKTIPATPLES TNG HEoNg TIING | KAl TS 61a0mopds o2
X0pis va yvepiloune av eivatl ‘Kadég’ ektpntpieg i 6xt. Nevikd otav opioupe pia ektprtpla 9
kdrnotag ntapapérpou § YEAoupe va edéysoupe av eivatl KatdAAnAn Kat yt auto €toupe KAmnoa
Kpltfpla 1) 1810tnteg oU TPETEL va TANpPel pia 'Kadn’ ekuprpla. Iapakdte neptypdgpoviat
OP1OPEVEG ETIOUNNTEG 1810TNTEG P1AG EKTIPNTIPLAS s.

ApepoAnwia H d eivat apepdAnmn (unbiased) av i) péon Tpr) g eivat ion pe tv apdapetpo
9, dnAadn av woyvet
E() = 8.

AM®G Aéyetal PeEPOANITUIKT) Pe pepoAnyia
b(d) = E(§) — 8.

IMMapadewypa 2.1. H Sstyuatikn uéon tun X elvat auepOAnNTn eKTuntola me LEONS TUNG U ULAg
T.u. X evog minduvouou.
'Exouus 8 = u ka1 & = x ka1 9¢Aouue va deifoupe 611 E(X) = . AUTO TOOKUTTEL WG

_ 1% 1 v 1 v
E(x)zE(;leiJz;l;E(xo:;;uzu-

i=
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Hapadewypa 2.2. Ia mv ektiunon mg diaomopdg 0> uag t.u. X evdg miAnduouol umopel va
Oeiydet ot:

1. H beypanxr 6iaomopa s eivair auspoinmin ekuunipia mg o2, éniadn oy e

E(s?*) = 0°.

2. H éewyuauxn Siaonopad §° mov opiotnke ot (2.3) eivar ugpoANTUKY eKTUNTOIQ TG 0> UE
uepoinyia

Zuvénewa H 616tnta autr) opidel g 600 audavet 1o péyebog tou Selypatog 1000 PEYAADVEL
mBavotnta n eKTiPNon va ivatl ’Kovid’ otnv mpaypatikn T g apapérpou, Onou 1o Kovid’
onpaivel 6t n Sapopd NG EKTIHOUHEVNG A0 TNV IPAYHATIKL T TG IAPAPEIpou eivat
HiKpSTEPN amoé kdArowa auvbaipsta pikpn anootacn €. AnAadr n 9 sivatl cuverrjg (consistent)
av 1oyuet

P(9-8|<e)— 1 étav n — oo,

Ort0U € gival auBaipeta PiKPOg YeTIKOG ap1Opog.

IMapadewypa 2.3. H ektunipia X mg péong tung u pag t.u. X eivat ovvenng. Av Oumg avti g
Seypaurng peong tung dtafclovue oav ektunpla meg U Tov apduUnTko UEOO TNG UKPOTEPNS Kat
ueyaivtepng tung v Sslyuarog

_ Xmin + Xmax

Xd_ —9
2

10T unopet va Oeydel Ot N eKTUNTOA Xq OV €lVal CUVETNC EKTIUNTOLA TNG U.

Anotedsopatikotnta H anotedeopatukotta avapépetatl ot §1a0mopd g EKTPUATPIAS Kat

bivetatl ouykprikd. Mia skuprpla 5 g 8 eivat mo anotedsopatiky (effective) amo pia dAAn
EKTIUNTPLA O av £XE1 MKPOTEPT draoTmopd, og < 092 .
1 2

IMapadewypa 2.4. H Sciyuatkn péon uun x kai n Xy elvatr SU0 eKUUNTPIES TNG UEONS TUNG U KL
gxouv taonopés o7 kar oz, avtiotoya. Mmopei va beixdel 6 02 < 0 KL dpa 1 EKTUNTOA X
glval mo anoteAeouatiKn ano m xXg.

Enapkelta Mia skupunpla g rnapapérpou d eivail enapkrg (adequate) 6tav xpnotporotet
OAn Vv mAnpo@opia amnod to delypa nou oxetidetat pe ) .

IMapadewypa 2.5. H Sciypaukn péon uun X, ekuunipla me puéong tung U wag t.u. X, sivai
EMAPKNS ylati xpnoonolel OAsg Tig Tapatnpnoels mov uetpndnkav oo detyua, evw n xq oev elvat
EMAPKNS ylati xpnoomolel povo U0 TYUES TOV Tapatnpnoc@v toU Oelyuatog (Xmim KAl Xmax)-

IMapatnpnoeig

Ano ta apandve napadetypata PAEMOUPE MOG O1 EKTIPNTPLEG, X YA TV IIAPAPETPO U KAl
s? yla v apdpeTpo 02, rmou opicape aubaipeta, MANEOUV GAeg TI§ TE00EPIS 1816TNTEG KAt eivat
KAA£EG EKTIPITPIES.
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T0V 0p10116 TV EKTIINTPIOV X Kal s Sev KAvape KAmowa unébeson yia v Katavoun g
T.1. X Kt dpa PIopouie vad Ti§ XPNOTHOI0OI|00UHE Yia ortotadrrote .. X Iou mapatnpoUleE.

21 ouvéxela Sa unmobeooupe G 1) Katavopr) tng X €ival yveotn (®g rpog T YEVIKY] Hopdr
g) addd dev eival yveotr) KAola IAapdperpo d g Katavoung kat a doupe nwg propoupie
YEVIKA va UTTOAOYiOOUPE TNV EKTIPLTPA NG .

2.1.2 M£60060g UOAOYIOROU TNG CNPELAKNG ERTIPNONG

YroBetoupe o0t n t.p. X €xel KAMOla yveotn Katavopr, dnAadn yvepiloupe tr yevikn
popor) g abpolotikng ouvaptnong katavoung F(x; 8) kat ing f(x; d), mou eivat ) ouvaptnon
nukvotntag mmbavointag av n X €ival ouvexng Katl n ouvdptnon padag mbavomntag av n X
etvat dwaxkprr). H mapaperpog 8 tng katavoprg eivatl dyvootn kat SEAoupie va v eKTIIT00UHE
aro 1o Selypa tov mapatnprnoeey {xi, . .., x,}. ®a Sewprjocoupie eriong 1o IPOBAnuaA va £Xoupe
TMEPLOCOTEPEG ATIO Plia AYVOOTEG TTAPAPETPOUG.

M£0060g TtV Pontdv T'a ouvrBeig Katavopég, piia mapapetpog d g katavopung F(x; 8) oxe-

tidetat pe 11§ 8U0 KUP1Eg Mapapétpoug u Kat o2. Ia mapddstypa, yia v Kavovikr) Katavor ot
uxat o2 etvat ot péveg 6U0 MapdPEeTPot ou kKabopidouv MANPKS TNG CUVAPTN O TNG KATAVOUTS.
Ia v opolopopen Katavour| oe daotnpa [a, b], n oX£on OV MAPAPETIPOV TG KATAVOUNS a

, b—a)®
kat b pe ug 1 kat 02 divetat wg u = L2 xar o? = L4

T2 12

Fevika Otav UTIAPXEL KATIOWA OXEO0T TTOU HAG ETUTPETIEL VA UTTOAOYiOOUE TNV TIAPAPETIPO &
(f ug mapapétpoug 8, ;) amd TS K Kat 02, TOTe PPIOKOUNE TNV EKTPATPLA & (1] TIS EKTIPLTPIES
91, 92) WG €&§ng:

1. urnoloyidoupe Tig EKTIPAOEIS X Kal % TV U KAl 02 avriototya,

2. avikadiotoUpe TI§ EKTIINOEIS X Katl s2 oty ékPppaon g 8 (1 Tov ;. &2) WS MPOg 1 Kat

o?.

Autr) etval n ugdodog 1wv porwv (method of moments). H ovopacia nipoxkurtel anod tr Xpron
TRV POTIOV OINV EKTIPNON TV TAPAPEIP®OV: TI HMEON TN U TIOU €ival 1 MP®TN EOTI Kal
) Sraomopd 62 Tou etval 1 SeUTepn KEVIPIKY porr). Av o1 U0 autég porég Sev emapKouv,
dnAadn €xoupe va eKTPIfoOUNE TIEPIOCOTEPES ATIO HUO TapAPEIPOUg 1] 01 oxéoelg de Sivouv
povadikotnta Avong ya tig mapaperpous, XPnotonoloUe KAl pOIEg peyaiutepou Badpou,
alAAd 6e 9a aoxoAnboupe pe t€tola ipoBAnuata.

IMapadewypa 2.6. X0 Kegpaidawo 1 pefstmoaue éva deiyua amno Uetpnoelg 1ou mopwdoug niiou
oe 25 doxiuia yaravdparxa gvog kotaouarog A. Ta debouéva avia (kadw¢g kat ta 20 dedoucva
nopwboug nAiov yia éva aifo koitaoua B mou 9a uefetrioovue apyotepa) divovtar orov ITiva-
ka 1.3. I'ia 10 mopwbeg nAiov oc yaravdpaka kottaopuarog A siyaue Bt mwg n dstypatkn pson
Tun x ivat

1 & 1
X=— > x=--141.8=567
25 &~ 25
Kai n Serypatucr) 51aomopd s givai (Omou Exouus mPGTa UToAoYIoEL TGS Zizfl x> = 813.3)

25
1 1
2= — Z x> — 25x%* | = —(813.3 - 25 - 5.67%) = 0.375.
24 (£ 24



2.1. XHMEIAKH EKTIMHXH 25

Me Bdon avto 1o Setypa n ektiunon meg uéon tung u elvar 5.67 kai g stacmopdg o2 eivar 0.375.
Av n tu. X (mopabeg niiou os yaiavdpaka) arxofoudel kavovukn katavour) N(u, 6%), tote
glval avepo WS AUTEG Ol EKTIUNOELS TEPLYPAPOUV TANP®S TNV Kavovikn katavoun meg X ue
Baon avto 1o beiyua.
Av n t.u. X arxojloudel opoduoppn kartavoun oe kanowo diaotnua [a, b], tote umopouvue va

atb _ (b-a)

EXTIUTIOOVUE TG TAPAUETPOUS a kKat b amo tig oxeoeig p = <= kat o = - Avtikadiotovue tg

U KAl 0% e TG eKTunoels X Kai s> kKat AUVOUUE TO TapaKkdle oUoTNUA eCI0MTEDU

)_C — a;—b
&2 = b T
- 12

= x- V3s - a=4.61
X+ V3s bh=6.73

o> Q

M£0obog tng Meyiotng IMBavogpaverag H pébodog autr) Sivel v ektipnon rou €xet ) pé-
ylotn rubavoddvela, dSnAadry divetl tv T tng nMapapérpou ) ornoia, Petaiy OAwV tov duvatwv
TPV TG IAPAPETPOU, eival 1) o mbavr) pe Bdon 1o deiypa.

H ouvaptinon nukvotntag rmbavotntag ya karowa T X = x; mou €§aptdtatl arno KAmnowa
napdapetpo & maipvel v tpn f(x; ) (av n X eivat diaxkpitr] 161e aut n T ekepAadel v
mbavotnua P(X = x;)). Enedn {xi, ..., x,} eivat ave§dpinteg, n rmubavotnta va tg rnapatnpmn-
oouye 0 éva tuxaio Setypa peyéboug n divetat amod ) ouvvaptnon mbavogaveiag (likelihood
function) wg ripog &

L(xi,....x;8) = f(x138) -~ f(Xn; 8).

Zta npoBAnpata exktipnong, Yewpoupe ta {x, ..., x,} 6edopéva kat evbapepdpaocte ya
m 8. Av Aowtov L(xy,...,X;81) > L(xp,...,X,;82) yia dUo tipég ; Krat 8, g 9, 1ote 1
Tpn 8; etvat mo aAnBogavrg amnod 1 o ylatt divel peyadutepn rmbavotnta va mapatnpr)-
ooUpE 1A {X,...,X,}. ®fAoupe Aoutdv va Bpoupe v ‘o ainbogavr)’ tn mg 9, dndadr
mv tpn  rou peyiotonotel ) L(x, . . ., X3 8) §j KaAUtepa (Yia EUKOAGTEPOUS UTIOAOYIOHOUG)
) log L(xy, ..., Xx:;8). Apa n exupftpla peyiotng mbavogpaverag (maximum likelihood

estimator) 8 Bpioketat and ) oxéon
dlog L(xy,...,x:;8)
38 B
‘Av 9édoupe va ekuprjooupe U0 1] MEPLOCOTEPES TIAPAPEIPOUS 81, ..., Iy, 1) OUVAPTNOY
rmbavépavelag sivat L(x, . . ., X5 81, . . . , 8yn) KAl O EKTIPNTPIES D1, . . . , O Ppiokoviatl Avvoviag

10 OUOTNIA TV M E§I0WOERDV
dlog L(xy, ..., X3;81,...,0m)

09

0. (2.95)

=0 yua j=1,...,m (2.6)

Hapadewypa 2.7. 'Eyxouvue éva twyaio Setypa {xi, . . ., X} ano kavovwkr; katavour; N(u, 0%) ka
9éAouue va exkturioovus ™ péon tun u Yewpoviac m o2 yveori. H ouvvdptnon mukvomiag
mdavotnag mg Kavovtkng Karavoung sivat

_ (x—w?
e 202 |

1
JxOe ) =S = Voo

H ovvaptnon mdavogpaveiag (yia tv onoia Lovo 1 Tapduepog U eivat dyveotn) sivat

1 \V2 1 < )
L(xy, ..., X5 1) = (27m2) exp [—ﬁ Z(xi - W

i=1

’
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omou exp(x) = e*. O foyapduog ¢ ouvaptnong mdavopaveiag sivat
n n 1 <
log L(xy, . .., x;u) = —— log 21w — — log(o?) — — x; — ).
gL(x W) =~ log2m — _log(o?) 202;< W

H sxuuntpia peyiomg mdavopaveiag ji Bpioketar undevidovtag v mapaywyo g log L (oxéon
(2.5))
dlogL

ou

1 n
0 = - ;(xi —w=0 2.7)

nou 6ivet  Avon

3

X; = )_C,
i=1

fL=

Sl

onAadn slvat iba pe ™ eKTUNTOA X NG UEONS TIUNG U TTOU oploalie yla omotadnmote Katavoun
me t.u. X.

IMapadewypa 2.8. 'A¢ umodéoouue 010 TponyoUusvo mapabdsiyua nwg ki n 51acmopd o sivai
ayvwot. Tote ot tapanave efiowon (2.7) mpootidetarl ki N e§iowon

dlogL n 1 2
W_() = —ﬁ+¥2(xi—u) =0. (2.8)

H emifluon tou ouorjuatog tov e§omocwv (2.7) kat (2.8) Siver u ibia Avon yia m u kat yia m o>

givai
/\2 1 n . 1 n .
== > (a—=— ) (- %
i ni

Ot eKTUNTOIES UEYIoTNG T avoPdvelag AOUTOV yia T Uéon Tun | Kai ) 51aomopd o2 uiag T4, Tou
akojloudei kavovikn katavoun sivar arjla n dsrypatkn péon tun kar Staomopd avtioroyya, aiia
yia m &iaomopd éxouus m ‘ugpoAnmuxn’ Sewyuatkn Srtaomopd 32 (oxéon (2.3)). Aocvumietkd
ouw¢ (yta peydjo n) n ekuunipla 0?2 = & eva auspoinmn.

H pébobog peyiotng mbavogaveiag eivat n kadutepn pebodog extipnong av yvepidoupe
Vv Katavoun g t.p. X Kat priopet va epappoodBei oe ororodrnote rpoBAnpa eKtipnong
MAPAPETPGV.

M£0060g twv EAayiotwv Tetpaydvev Auth n pnébodog epappodetal povo otnv mepintoon
ITOU Ol AYVOOTEG MTAPAPETPOL epdavidovial o 0X£0e1g TUXAIOV PETaBANTOV KAl 01 OXE0ELG AUTEG
elvatl yoauuikeg ®g mpog Tig apapeTpoug rmou SeAoupie va ektipjooupe. Mia arAr) nepintoon
etvat va €xoupe pia t.p. Y kat n kaBe tipr) g y va divetat anod ) oxéon

y=901x1+ -+ 9nXm + €

OTTOU O1 TIPEG X, - . ., X €lval YVOOTEG, 81, . . ., Oy €1vAl 01 AYVOOTEG TIAPAPETPOL KAl € ivatl pa
AaAAn t.p. pe E(e) = 0. ®a aoxoAnboupe pe t pébodo autr) oto Kepdadaio 4.

IMapatnpnoeig
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H pebodog peyiong mbavogaveiag propetl va edpappoobei yla omolodnrnote & av yvepi-
Joupe Vv katavoprn) Fx(x; ) eved n pébodog twv portwv 6ev epappoddetatl av n & de prnopet va
UTtoAoy100€el arto 11§ POTIEG.

H extipnon peyioing mbavopaveiag €xel 0Aeg tig 1010TTeg KAANG ekTprTplag, 6nAadr
eival apepdAnmn (aoupreukd, dSndadn n pepodnyia b(theta) teiver oto undév yla peydda
n), OUVEING, ATTOTEAEOPATIKI) K1 ertapKnG. [ autod ki autr) n pébodog eivat ) kaAutepn pébodog
EKTIPNONG MAPAPETPROV av yvepiloupe tnv katavoun Fx(x; d).

2.2 ExRtipnon Auwaoctipatog Epniotoouvng

H onpuetaky) extipnon & and kdrnowo deiypa dev miepiéxet kaptd minpodopia yia v axkpi-
Bewa ng extipnong g 8. H extipnon & eival pua tpr rou 8e yvopioupe moco kovtd eivat
OTNV MPAYHATIKI TP NG & K1 eriong 1 Tipr] aut aAAddet pe 1o Seiypa. I'a mapddeypa, umno-
Aoyidoupe ) detypatiky) péon Tipn X ano €va tuyaio detypa peyéboug n. ‘Av idpoupe éva addo
tuyxaio detypa i61ou peyéboug, n tpn g X Sa eival drapopetikn. Mropet va eivatl mo kovia
1) TWO PAKPLA OtV IPAYHATIKL T TS Y At 0Tl AUty aro 1o mponyoupevo detypa. Tevikd
Aowtdv 1 ekupnE & eCaptatat ano 1o delypa kat ivat Aoutdv T.J. He KArola katavour). It
auTo TNV eKTPNOT S & eivat onpaviiko eKTdS Ard ) CNPEIAKT) eKTINon & va urtoAoyicoupe
kat daotnpa [y, §2] o va propouvpe va oUPeE pe PEYAAn eProtoouvn) ott 9a mepLEXet v
MPAYHATIKI] T TG ITapapé€rpou . It ouvéxela 9a doupe té€tola Sraotrjpata ePIotoouvng
yla diapopeg mapaperpoug, apyidoviag amo i) péon Tr).

2.2.1 AlaoTtnpa EPMIOTOOCUVNG TNG REOCHS TIPRNG U

H onpewakn extipnon g péong npng ¢ pag t.p. X eivat n detypatikr péon npn X (oxéon
(2.1)) mou eivat Kt apepoAnItn ektpnIpla g U, 6nAadn) n péon T g X ivat n mpaypatkn
TP U TOU eival Ayveotn Opwg o€ pag, Uy = E(X) = u. Ilap’ 6Ao mou n ekupnipla x eivat
dlapopetiky) aro deiypa oe Seiypa, enedn n X €lval OUVENTG EKTULTPA, OTAV AUSAVETAL TO
péyebog n tou delypatog n x mAnotadel ) péon tpr y. H draomopd Aowmov ng x da mpéret
va e€aptatatl ano 1o n €101 ®ote Kabag 0 apiOPog OV MAPATNPOE®V PEYAA®DVEL 1] dlaoTopd va

mikpatvet. Tlpdypat yia ) Sacmopd o2 éxoune

n 2

1 1 1 o
2 _ =\ _ — 2\ —
oy = Var(x) = Var[;l E xiJ = iél Var(x;) = nz(no ) = — (2.9)

i=1

&nAabdr n 6lacTiopd TNG EKTIPATPIAS X etval avddoyn g diacmopdg o2 tng X Kt aviioTpOpag
avdloyn Tou apldpou eV MapatPnoe®V n. Iinv Mapdrdave ox€on unobéoape Mg ol ma-
pPATNPL OIS X1, ..., X, €lval aveaptnteg (evvooviag kat rdt ug t.h. X, ..., X,). Tnv ks
amnoxAton (tetpayovikn pida g draomopdg) or = o/ y/n g X 9a v ovopdioupe otabepod
o¢pdaApa (standard error) tng eKTPATPAG X.

H t.p. X Aoutdv éxel KAMOla Katavour) pe péon Tyr Mz = 1 Kat diaoropd o2 = o%/n. 21
ouvéxela, yla va opicoupe Stdotnpa eprotoouvng g U 9a faoctotovpe otnv KAtavopr tmg X.
IMa va unoBéooupie KATOWA YVOOTH) KATAVOUD Yid T X Xpeltadetal va eAéysoupie 10 p€yebog tou
delypatog, av n katavopn g X €ival KAvVoviki Kt av yvepidoupe ) diaomopd ng.
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I'vaoot dtaocnopa BswpoUpe e8¢ 6Tl yvepiloupe tn Staomnopd o2 g .. X otov mAnduoud.
IMa v katavopr] g x diakpivoupe HUO MEPUTIOOEIG

1. Avn t.pu. X axkolouBei xavovikny katavour) N(u, 6%) 1 1o detypa eival peyddo (n > 30)
T0Te KAl ) T.1. X akodouBei kavovikny katavopr) N(u, 02 /n).

2. Av 8e oupBaivel 1o taparnave, dnAadn av n .. X 6ev akoAoubel KAvovikn] KAtavoun
Kat 1o delypa eivatl pikpo tote yevikd 6e yvopi{oupe tnv Katavour) g X.

Av 10 detlypa etvat peyddo n kavovikn katavopr tng X divetat ano to Kevipko Opiaxo Osopnua,
eve av n T.x. X akoAoubel Kavovikr Katavour 10te Kail 1o afpoiopa €owv t.yh. X, ..., X,
aKOAOUBOET KAVOVIKI] KATAVOUT] Kl €101 ITPOKUITIEL MRS KAl I X AKOAOUBOET KAVOVIKI] KATAVOL).

Yrnofétoviag 6t n X akoAouBet kavovikr) katavour) N(i, 02/n), n .. Z MOU MPOKUITIEL AITo

TOV ATAO PETAOXNUATIONO Z = %ﬁ AKOAOUBEL TNV TUTTIKI] KAVOVIKI] KATAVOUT)

X—u
o/+\n
["a v TUIIKY) KaVoViKI KATavour PITopouUe EUKOAA va opiooupe éva Sraotnpa [Zg/s, Z1-q/2],

oto oroio Ya avhkel n z pe kanowa dobsioa mbavownta 1 — a, onwg eaivetat oto Zxnua 2.1.
Ta drpa Tou S1a0tPatog, Z, s KAl Z1_q/2, Aéyovial kpiotueg tipugg. Ot deikteg a/2 kat 1 — a/2

X ~N(,o*/n) = z

~ N(0, 1).

Ly 0 Z1-qpp

Zxfpa 2.1: Xuvdptnon mukvotntag moavointag Ing TUTMKING KAVOVIKAG KATAVOUNG Katl ot
OUpPEG NG Y1d KATIO0 a.

dnAcdvouv 11§ TIREG NG aBPOIoTIKIG CUVAPTNONG Y1d Zg/9 KAl Z,/9 aviiotolad, dnAadn toyuvet

D(zq0) = P(z< z40) =a/2
D(z1-a/2) P(z< zi_qp)=1-a/2

ortou ®(z) eival n abBpo1oTiKy) CUVAPTNOT TG TUTTIKLG KAVOVIKEG Katavopung. Apa n rmbavotnta
va elval z < zg/o KAl Z > Z)_g/o €lvat a. O1 6U0 oklaopéveg meploxég oto Lxnpa 2.1 kat€xouv
padi moocootd a% tou CUVOAIKOU £PBab0U TOU OAOKANP®HATOS TG OUVAPTNONG ITUKVOTNTAG
mbavdtntag. Avtiotorxa n rubavotnta va oupBaivel z € [z,/9, Z1-q/2] €tval 1 — a. Tevika Aoudv
1oxUEl

P(za/o <2< Z1_a72) = P(21-a2) — P(Zap2) = 1 — a.

Ene1dn n ouvdaptinon nmukvotntag rmbavotntag g TUITIKAG KAVOVIKNG KATAVoung eivat oup-
HETPIKY @G 1T1pog 1o O 10)Uel
Za/2 = —Z1-a/2-

‘Apa otnv ouoia yla va optooupe 1o draotnpa [Z,/2, Z1-q/2] Xpeladopaote pia povo kpiowun tpn.
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Avakspadaiwvoviag, Bprikape ot oe kKabe dobsioca mbavointa 1 — a avuotokei éva dia-
otpa TPV ¢ T.H. Z Iou opidetatl anod v Kpiown Ty Zj_4/2 IMOU TV Uroloyioupe g
Z1_qs2 = ®1(1 — a/2) ano 1ov oTatioTiké mivaka Tng TUTTKAG KAVOVIKNAG Katavopng. a nmapd-
detypa ya a = 0.05 1o Sidotpa [—1.96, 1.96] nepiéxet tnv t.1. z pe mbavotnta 0.95, omou
Zo.g7s = ®71(0.975) = 1.96. [0 cunBOAIOHGG TIOU XPNOIHOMOOUHE £60), OIS KAl Yid AAAES KATAVOPEG
rou Ya Soupe mapaxkdt®, Paciletal otV apyy g AvIloToiX10ng ToU SeIKT g KPIoNg TIHAS OtV TIRn
g avtiototxng abpolotikrg cuvaptnong. Xe karowa BiBAia n Seukr) kpiown tpn z;_,/9 oupbBoAidetat
S Z,/9 KAl 1) APVITIKI KPIOn TN Z,/9 0URB0Aietal og —z,/s].

®¢Aoupe va petaoxnpaticovpe to draotnpa [2, /0, Z1-4/2] yia rubavotnta 1—a oto avtictotxo
draotnpa mou meptéxel v apaperpo p. 't autd Avvoupe TG OxEoelg

o X—pu _X— U
Za/o = Zi-a/2 = 0/\/5

o/+n

®G IPOg U Kat Bpiokoupe ta akpa ToU H1a0Tpatog yia ) Peon Tipn U

Xizl_aﬂ% — )'c—zl_a/z%, )‘<+zl_a/2% . (2.10)
To diaotnpa autd urodoyiotnke yla kanowa dobsioa mbavointa 1 — a mmou eivat to mpoxa-
Yoplopévo eninedo epnmiotoovvng (confidence level) kat Aéyetal Sraotnpa epniotoovvng
(confidence interval) tng p oe ertiebo 1—a. H epunveia autou tou Siaotrjpatog YEAel ipoooxT).
Ze pa pot poogyyton Sa Afyape ot onpaivel pe rmbavotnta (eprmotoouvn) 1 — a n péon
N 1 Bploketatl péoa o autd 1o Siaompua’, 1o omoio dev eivat opBo adou 1 u eival otabepd
Peyebog K OX1 T.H. yia va pddpe yua v T g pe mbavotnteg. To péyebog rmou aAAddet
(avadoya pe 10 detypa) eival 1o draotnpa Kat ¢ auto mpEnel va avapépetal n mbavotnta 1
EPIOTOOUVI). X®OTOTEPN AOUTOV gpunveia eival ot ‘av xprnoipornolovcape oAAd tétola da-
ompata arno dadopetika deiypata, mocooto (1 — a)% art’ avtd Sa nepteixav i p’'n ‘pe 1 —a
rmbavotnta (eprmotoouvn) 1o draotnpa avto da MmePEXEL TV MPAYHATIKG 1.
Zuvortukd 1 Stadikaoia yia tov mpoodloptopo tou S1actpatog eprmotoouvng g U elvat

Emmoyr tou erunédou spruotoouvng 1 — a

U

YroAoy1lopog ToU z;_4/ Ao ToV aviiotolX0 OTATIOTIKO
MVAKA Y1d TV TUITIKI] KAVOVIKY] KATAVOUT)

U
YrtoAoyiopdg tou draotrjpatog [k—zl_a/z%n, X+2Z1_q/2 %], OIToU 1o O £ivat
YV®OTO Kadl 10 X gival ) Se1ypatikn PEo T TRV N ITAPATPI|OE®V.

IMMapadewypa 2.9. Ofiouue va exkturjoovue diaotnua eumiotoovvng oe eninedo 95% yia 1o pgoo
000010 Topwdeg Niliou o yaravdpaka tou kottaouarog A ano ta dedousva touv Ilivaxa 1.3.
Ymod<toupe ot anod maAidtepeg puetpnoeig yvwpidovue 0t  Staomopd yia to topwdeg niiov sivar
o€ mooooto o2 = 0.38.

Eletalovtag m betypatikn katavour tov mopawbeg niiov ano ta dsbousva pag, m.x. oxedralov-
1ag 10 wypauua twv dedousvev tou ITivaka 1.3 (Onwg kavaue oto Xxnua 1.2) n 1o Inkoypaupa
o mapovaoialetal oto Zynua 2.2, Bisnovue 0t paivetal va givat Kavovikn (elvail GUUUETOIKN Kat
bev Exel uarpieg oupsg). Eiduka yia 1o Inkoypaupa gaivetal va tnoouvvial ta 1pia X apaKinolotikd
TTIOU OUVIOTOUV KAvoviky kKatavoun onwg ta 9¢oaue otnu Iapaypago 1.2:
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e H 6waucoog bev teivel mpog 1o Qy 1 10 Q3.
o O1 uUoTaKeg £XoUv TEPIMOU 10 1510 UNKOC.

e Agv UTLAPXOUV aKpaieg TUES 1 UTIOTITEG AKPALES TIUEG.

OnKoypapua TopwAUC NALOL Yia Kortaopa A

7 _

6.5

5.5

Zxfpa 2.2: @nkoypappa teov 6edopévav tou Iopadoug nAiou ot yalavlpaKad 10U KOTTAGHATOS
A tou ITivaxka 1.3.

‘Apa urmopouvue va urodéoouue ot 1o Topwdeg nAiou X axofdovdei kavovkn katavoun N(u, 0.38)
Kat 10te N deyuatikn peon tun X tou mopwdoug nAiou akoAoudel eMIONG KAVOVIKY KATtavoun
N(u,0.38/25), omou n = 25 eivat 1o uéyedog touv betyuarog.

I'a v extiunon v didaotnuatog euniotoouvng akojovdouue ta Bnuara:

1. To eminebo gumotoovvng eivar 1 — a = 0.95 (a = 0.05).
2. Amo 10V 01anoTKO TivaKka EYOUUE Zy 975 = ©~1(0.975) = 1.96.

3. To bwaotua yia t peon tun u gvat (xyovue vrofoyiost ot x = 5.67, 6¢e¢ Ilapadetyua 2.6)

V0.38
5

5.67 £ 1.96

[5.43, 5.91].

Apa 10 95% Owaopua eumioTooUvNg TOU UEOOU TOO0O0TOU Topwdoug niiou os yaiavdpaka
ue Baon 1o beiyua tov kortaouarog A sivat [5.43, 5.91]. Mmnopouvue va mouue ot n onuelakn
ektiunon x = 5.67 eivar apketa axkpi6ric agpouv 1o avtiotoyo 95% Siaotnua sumiotoovvng sivat
APKETA UIKOO.

‘Ayvootn dtaonopa Tevikd n Siacmopd 02 tng .. X eival Ayveotn Kat v eKTHOUHE aro

10 Setypa pe v s% (.. 8eg v (2.4) MOU XPNOIHOMOIOVUHE Yia TOUG UMOAOYIOH0UG). Av 10
Setypa etvat peyddo (n > 30) n exupnpla s eival apketd akpiBng Ki amdd Pmopoupe va
avIKataotr)ooupe tn dtaomnopd o2 e ) Setypatkr diaornopd s? otnv napandave diadikacia



2.2. EKTIMHXH AIAYXTHMATOX EMIIIXTOYXYNHE 31

yla va rmapoupe to Sidotnpa €Uotoouvng yia I pU. Av opwg 1o detypa eival pikpo tote 1
nipoogyytlon Hev eival Kadn Kat 1o didotnpa propet va eivatl apretd avarpiBeg.
IMa pikpo n kat urtoBetoviag nwg 1 X akoAoubel KAVOVIKY KAtavour), 1 T.J. t ou opidetat
X—p

WGt = oV akodouBei tv katavoun student 1 tnv t-katavopn pe n — 1 fabpoug eAeubepiag

K
s/Vn
H katavour) autt] potadet pe v TUTIKE KAVOVIKE KATAVOUT KAl TV IPooeyyidelt kKabmg audavet
0 apBpog v Babuov edeubepiag onwg @aivetal oto Exnua2.3. T'a peyddo n 1 mpoogyylon

H
Il

~ tn—l-

0.4r

0.3r

)
0.2f

0.1}

Zxfpa 2.3: Zuvaptnon nukvotntag mbavointag yia thv TUTIKL KAVOVIKI] KATavor Kadt TV
katavopn student pe 5, 24 kat 50 Babpoug eAeubepiag, orwg Seixvel 1o ene§Nynua TV ypap-
Hov.

etval oAU KRaAr] K 01 TIPEG TV t KAl Z eival Mpaktika idieg.

H Swadikaoia yla v extipnon tou daotpatog sprmotoouvng eivat 1da énwg otnv mepi-
IMI®OT TG YVOOoTNS Staomopdg, aAAd 1 dyveotn diacropd o2 aviikadiotatatl ano ) Seypatiky)
Sraoropd s? mou umodoyidetat ano 1o deiypa K1 n Kpiown Tpn eivat t 1.1 q/2 AVl y1a 21 g/
Katl 1t Bplokoupe amo 10 OTatlotiKo Tivaka yla v katavopr] student. [H xpiowpn upr g t
opiletat ano 1o 1 — a/2 adAd kat ané toug Babpoug sdeubepiag n — 1. o Txnua 2.4 apouocidadetal n
ratavopr] student yua n — 1 = 24 BaBuoug edeubepiag k1 o1 kpiowpeg Tipég g ya 1 — a = 0.95.] To
draotnpa eprmotoouvng oe emtinedo 1 — a eivat

S
l,l—a/2%-

Iapadewypa 2.10. ['a 10 mponyoUuevo Tapadetyua UTOOETOUUE TS N dlaoTopd eivat dyvamotn
(mou eivar kar n mo mdavn MEPITION yia 10 mEayuatuko mpo6inua). To bsiyua eivar apketa
ueyaio ki iowg Ya uropovoape va UTOEOOUUE TS N X 0av T.U. aKoAOUSEl Kavovlkr) Katavoun
Kat va YpnoyoTonj0OUUE OTOUS UTLOAOYIOUOUG TOU Olaotnuatog EUTLOTOOUVNG TNV Kployn Tun
Z1_q/2- Ta va ekuunoovus ouwmg 10 daotnua EUTIOTOOUVNG Yla T0 UEOO TIOPWOES Nilou ue v
Kaiutepn dvvary akpibeia X pnoUoTooUUE TNV Kolown Tun th—1.1-q/2 GO TNU katavoun student
(6e¢ Zxnua 2.4). H Seryuatikr Siaonopa éxet Boedei va eivar s* = 0.375 (6e¢ Iapdberyua 2.6).

X+t (2.11)
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0.4f
0.3f
)

0.2

0.1f

Zxnpa 2.4: Zuvdptnon nukvotntag rmbavotntag yla v katavopr student pe 24 fabpoug
eleubepiag K1 1 6e§1a K1 apiotepn) Kpiown tpn mg ya 1 — a = 0.95.

Amo 10 otatotko mivaka yia v katavoun student, yia 1 — a/2 = 0.975 katn— 1 = 24,
Bpiokouue try 0975 = 2.064 kat 1o draonua eumIOTOOUVNG Yia I U glvat

V0.375

5.6712.064T — [5.42,5.92].

H yprion m¢ Kpiowune tung ty o975 = 2.064 umayopevstar and m xpnon mg ektiunone s>
avti m¢ mpayuatkng Siaomopdc o0® mou Sev ) yvepilouus. Av amogaocilaue sopaiuiva va
XPNOWOTOO0UUE OTOUG Tapandve UTOAOYIOUOUS TN Zpg7s = 1.96 g Kavouvikng Katavoung
9a Bpiokaus 10 Swaotnua [5.52,5.82] mov civar uotkd mO UIKPO apoU Zpg7s < lps.0.975. TO
Swaomua opuwg auvto Sev givar akplbeg ylati Kavaue tv Unodeon yla Kavovlkn Katavoun g X
TouU 6ev epapuoletal oTnNU TEPITTON Tou N dtaomopa sival ayveotn Kat 1o Ssiyua givat uikpeo.

Fevika otav tov n dev eival peydido 1o didotnpa eprmotoocuvng g X Iou maipvoupe u-
noBEtovtag Ot 1 X akodouBel katavour student eivat mo peyddo anod auvtdo rnou naipvoupe
untob£toviag Ot 1 X akoAouBel Kavoviky Katavopr) kat np Staocrmopd napapévet 1 id1a.

M1 KavoviKki] Katavopn Kat pikpa deiypata e KAMOleg meputtdoelg 1o delypa propet va
elval pikpo Kat n katavopr] g t.i. X IOU mapdtnpoupe va pnv sivat Kavovikn. [Otav

de TEpoupe tinote ya v katavopr] g X Auto 10 eKUPOUNE aro ta debopéva tou Beiypatog, 1.
amnod T Poper| ToU 10TOYPAPNaAtog 1 Tou dnkoypdppatog tov 6ebopévav.] Ze pia t€tola mepintaon
(k1 ave§aptnta and 10 av n dacnopd sivat yvwotr) 11 0xY) Se propoupe va UnobBEcoupe mwg
N X arkoAouBel KATOl1a OUYKEKPIPEVI] KATAVOHI] KAl Ot OUVEXEWA va e€KTIPr)ooupe Stdotnpa
EUITIOTOOUVNG Y1d 11 PEOT T K.

e TET01eg MEPUTIOOELS evdlapepopaote yia 1 6tdpeco 6 = 6x g T.p. X avtl g U = ux.
H onpelakr extipnon X g 6 e€ivail amdd 1 KEVIPIKI] TP TOV MIAPATNPHOEOV S1aTaAyHEVES
oe audouoa oepd (6eg IMMapdaypago 1.2.1). To dractnua epruotoouvng yia ) 6 Ppioketal pe
1 nébodo Wilcoxon mou Baociletat otnv taén 1oV Imapatnproem®v mapd otg Teg toug. Autn n
EKTIPNON 10T ATOg EPITIOTOOUVNG AEYETAl Pt MAPAPRETPLKY] (erte1dr) Hev unoBEtoupe Karowa
KATAvoun Kdl Ti§ IApapETIPOoUS NG yid TNV EKTIPNTPLA).
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Iapatnpnocig
Cevikd 9a 9¢dape 1o Htdotnpa eprmotoouvng va ivatl 600 To duvatd PIKPOTEPO Y1d vd EXOUE
000 10 duvatov o akpiBn onpuelaky) ektipnorn. To diaotnpa eprmotoouvng e€aptatatl arno:

e TNV Katavour kai tn Swaornopd o mg T.H. X [autd 6e propovpe va ta addafoupe, eivat
XAPAKTNPIOTIKA TG T.1. MOV PeAeTape].

e 10 Péyebog n tou Selypatog [avgnon tou n €xet cav anotédeopa ) HEi®ON TOU £UPOUG TOU
Slaotfpatog, mou givat QUOIKA emMBOUPNTO AAAd OX1 TIAVIOTE EPIKTO, AdoU 1 AMOKINOI MOAAQV
apatnprosev uropei va eivatl epyaocia emirovr xkat moAuéodn)].

e 10 crtinedo gprmotoouvng 1 — a [autd o kabopiloupe speig, aAdd s 9a Ifdape va pikprvoups
10 Sdopa pewdvovtag v €UIOTooUvr) Pag O auto ylati tote ta anotedéopatda pag s Sa
éxouv v ermbupnty otatotiky onpavikomal. To eninedo eprmotoouvng mmou ouvrBwg
Xpnowporioteitat otnv npagn eivat 95%.

Ztov ITivaka 2.1 ocuvoyidetat n eKTinon ToU H1a0TPATog EUITIOTOoUVNG TG U o1l S1adopeg
MEPUTTWOETG.

6waomopa | karavoun meg X n Karavoun mg x dwaotnua eunioToouvng
, . _X—u = o
®OT KAVOVIK zZ = ~ N(O, 1 X+ 2 qi0o——
yvoot) n o/ v 0.1 -a/27 2
, . . _X—U - o
®OT KAVOVIK gyddo | z = ~N(0, 1 X+t Z_qi0——
yvoot) | un n | pey G 0.1 a2
YVQOTI) 1N KAVOVIKI) HKpPO — —
. . _X—HU - s
ayveot eyado | z = ~N(0, 1 X+ Z_g/0—F
yvootn ney s/vn 0.1 1-a/27 2
Ayveotn KAVOVIKN HKPO t= XK tho1 X+ tn_lyl_a/zi
s/vn N
Ayveotn AN KAVOVIKT) HKPO — —

[Mivakag 2.1: Extipnon tou diaotnpatog epmotoouvng g Y avadoya He 1) yvoorn g dwa-
OTTOPAG KAl KATavoung g t.1. X Kat 1o peyebog n tou delypatog.

Eupog Sractrjpatog epniotoodvng I10AAEG POPEG TPV va KAVOURE TO Meipapa Kat OUAAE-
Soupe TG petprioelg porabopiloupe éva CUYKERPIIEVO €UPOG Yia 10 §.e. 1 {NTAPE TO €£UPOG
tou 6.e. va pnv emepvdael KAMO0 AvOTATO OP10 yla va £€Xouv vonua ta arotedéopata. la
Va 10 METUXOUHE AUTO X0Pig va aAAdgoupe 1 onpuavilkotna @V OTATIOTKGOV ATOTEAEOPATWY,
Bpiokoupe 1o peyebog n tou Setypatog rmou pag divel autod to eupog tou 6.€. Autd urnodoyidetat
9étovtag 1o €Upog tou 6.e. 100 pe TV TUr Tou {ntdpe Kat AUvoviag Vv £§l000n ®G IPog
10 n. TI'a napddeiypa, ag uvnobéooupe nwg 1o delypa eivat pikpo kat n .. X akoAouBet
KAVOVIKI] KATavopr pe dyveotn diaoropd, xprotporotovpe dndadr tn oxéon (2.11) yua va
urtodoyilooupe 1o 6.€. Ing péong tpng 1. To eupog tou b.€. eival

s
WwW=2t11-a/2° —= (2.12)

Vn
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Kdl Auvoviag »g 1pog n Bpiokoupe o1 yia va eival to €Upog tou d.€. 100 pe w npemnet 1o detypa
va £xel peyebog

s\2
n= (2 tn—l,l—a/2 . —) . (213)
w

Zv apandave oxEon N Ty th-1.1-q/2 0V elvat yveotr) apou 1o n eivatl dyveooto kat {ntoupevo.
®a mpéret Aoutdv va XPrOIPOIo|0OUNE TNV T th-1,1-q/2 [TIOU OUPPKVEl KaAUtepa He TO
arotéAdeopa yla to n aro myv (2.13). Av 1o n naipvel peyddeg Tipég 1o mapandave npobAnpa dev
ugiotatatl agou yia peydda n n Kpiowan Ty th-1.1-q/2 £lval mpakuka idia pe v aviiotoyn
Kplowan Tpn) g TUIKAG KAVOVIKNG KATAVOUNG Z1—q/2. Apa yia peyddo n n oxéon (2.13) diverat
N

s\2
n= (2 Zi-a/2 " —) . (214)
w

IMapadewypa 2.11. X0 mponyovusvo mapabdstyua yia 1o mopwdeg NAlov oe yaiavdpaka uto-
Joyioaue t0 95% 6.€. TOU PETOU TOPWbOUS Niliou Kkdavovtag xperon g katavoung student kai
Bonxraue ou eivar (oe mooooto) [5.42, 5.92]. To gupog tou b.€. eivar w = 5.92 — 5.42 = 0.50.
Av 9éAouue va to pusiwoouvue oto poo (dnAdadn o w = 0.25) Wte avti yia 25 dokiuia mpenet va
XPNOWUOTIOU)OOULE

V0.375

2
=92.2 =~ 93,
ozs )

n=[2-1.96-

onAabdn mpéner va avénoouvue 1o beiyua os 93 dokiua.

2.2.2 Audotnua spniotoocvvng tng dracnopdag o>

'Onwg ya va Bpoupe diaotnpa eprmotoouvng yla i PEon TP U oploape mp®ta Vv Ka-
Tavopr] Ing EKTUNTPIAS X £101 Kal yia va Ppoune Sidotnpa eprotoouvng yia tn diaocmopd o2
opidoupe mpoTa NV KATAvopr TNg APEPOANITING eKTIINTPIAS S% g o2 (.X. amo T oxéon

2 _ (n-1)s?
="

(2.4)). Tvopidoupe 6t n x akoAouBei v katavoury X2 pe n — 1 Baduoug sAsubepiag

,  (n=1)s?
2

X ~ Xi—r

o
1o Zxfna 2.5 napouoiddetal n popdn g Katavouns X? yia Xapaxkinelotikoug Babpoug e-
AeuBepiag. Ta Alyoug Pabpoug edeubepiag n katavoury X? eivat apketd Aokn xkat yiverat mo
OUPHETPIKY KaBg audavouv ot Babpoi eAeubepiag.

I'a 600¢eica mBavotra 1 — a propoupe va PpoUpe Anod TOV OTATIOTKO TTivakd yia

katavopr) X? tig 8Uo kpiowes THES X2 KAL X2, |/, V1O TG OTOtEG 10XUEL
P(szl—m/z <x*< Xr21—1,1—a/2) =1-a (2.15)

Eneidn) n X? 6ev eival ouppetpikr) éxoupe 800 Kpiolueg TiRég: TV aplotepr|) Kpioun Tyn

2 ; : : 2 2 _ . ; )
Xi_1.q/2 TIOU Elvat €010 wote P(x* < Xn-1a /2) = a/2 kat m 6e€1d kpiowpn tun X11-q/o TOU

elvat térowa wote P(x* < x2 || . /2)

elvat k1 o1 tip€g g avtiotoiyng abpoiotikng ouvaptnong katavopng.] Lto Zxnua 2.6 nmapouoiadetal
katavopn X? yia n—1 = 24 Babpoug eAeubepiag Kabmg K1 o1 Kpioweg Tipég TS yia 1—a = 0.95.

= 1- a/2. [O1 6eixteg a/2 xkat 1 — a/2 1@V KPICPGV TIHOV
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X

Txfpa 2.5: Tuvdptnon nukvétntag mbavétntag yia v katavour) X2 pe 5, 24 kat 50 Babpoug
eleubepiag.

0.06
0.05

0.04r

f (903}

0.02} 5 B
24,0.025 124

X2 =39.4

0.01f 24,0.975

0 10 20 30 40 50 60

Txfpa 2.6: Luvdptnon mukvotntag mbavétnag yia ty katavopr) X2 pe 24 Babpovg eAsube-
plag k1 n 6e8§1a K1 apiotepn] Kpiown tpn mg ywa 1 — a = 0.95.

Zin oxéon (2.15), Auvoviag 11 SUo aviootnteg

(n-1)s? )

2
Xn-1,a/2 = Xn-1,1-a/2

o2

®g ipog 02 Bpiokoupe 10 (1 — a)% Sractnua eprmotoouvng yia tn o2

(n-1)s?> (n-1)s?
2 ’ 2 ’
Xn—l,l—a/2 Xn—l,a/Z

(2.16)

érou 1 Setypatikr daornopd s? urodoyidetat and to Seiypa TV n mapatnPrHoEny.
To 95% 6.¢. yla v TUTUIKT) ArtoKAL0T] 0 £XE1 0av AKPA TIG TEIPAY®OVIKEG pideg TV aviiotolX®v
dxpev T0U 95% &.£. yia ) Sraomopd o2.

IMapadewypa 2.12. And 1a dedouéva yia 1o mtopawdeg niliov yaiavdparxa evog Koraopuarog A tou
ITivaxa 1.3 9éAovue va ekturicovue m Siaomopd o° tou mopwdoug niiou. H onueiaxn extiunon
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Bpédnke va sivar (oe moooota) s> = 0.375. Nan—1 = 24 kat a = 0.05 and 10V OTATIOTIKO
nivarxa yia m X* BoIOKOUUE X3y o005 = 12.4 KAL X3y o975 = 39.4 (beg Zxnua2.6). To 95%

S1doTNUa EUmIoTOoUVNG Yia T 02 elvat
24-0.375 24-0.375
. =[0.228, 0.726].
39.4 12.4

To 95% 6.¢. yia v twnikn anokiion o 1ov topwdoug niiou sivat

[V0.228, V0.726] = [0.478, 0.852].

Y10 mapandve napddetypa napatnpovpe 6t ) exktipnon s = 0.375 sivat moé Kovid oto
aplotepd AKPO TOU draotpatog epruotoouvng. evikda to diaotnpa gpruotoouvng yua ) da-
oropd o2 8ev eival CUPPETPIKO OG TIPOG TN ONUEIAKT EKTiINOT S% K1 autd yiati 1 Katavopr)
X? 8ev eival oUPPETPIKY OM®G £ival N KAVOVIKY KATavour] K1 n katavour) student. '‘Oco peya-
Acvouv 61eg ot Baduoi edeubepiag (6ndadn) 1o péyebog Setypatog) n X? katavour) mipooeyyidet
TV Kavovikn katavoun (6eg Zxrpa2.5). I't autd yia moAu peydAa deiypata to daotnpa ep-
IIOTO0UVNG PITopel va Urtodoy1obel K1 ard dAAo TUIo IMoU MEPLEXEL KPloeg TIPEG NG TUITIKIG
KAVOVIKAG KATAVOUI|G.

2.2.3 Auwdounpa epmotoouvng tng avaloyiag p

Ye apretd npoBAnpata ta dedopéva bev eival aplOPNTUKEG TIREG P1ag T.11. TOU MANOUooU
aAda duadikég TipEg, 6nNAadr Kamolo oroikeio Tou MANBUoPOU £xel pa 1610tta (ermrtuyia 1 1)
1) 6ev Vv €xet (armotuxia 1 0). O Adyog TV ototkeinv tou MANOuUopoU rou MAnpouv v 1810t Ta
IIPOG TO OUVOAO OA®V TV OTo1Xei®V Tou TANOuooU Aéyetat avadoyia p. [H avadoyia p sival n
mbavotnta erutuyiag oe pia doxpr)’ dtav avapepopacte oe akodoubieg Bernoulli.] ‘Eva napddetypa
etval n avaAoyia koptrolwv otig [ToAutexvikeg ZxoAég tng EAAAadag 1) n avadoyia okouplaopévev
paBdwv xaAduBa oe pia amobrkn. Xe MoAAEG TEPUTIOOELS FEAOULIE VA EKTIUTNCOUHE TNV avaloyia
p and éva detypa peyéboug n. H onuewaxn extipnon g p eivat amda p = =, o Adyog twv
‘srtuxiov’ m oto detypa rmpog 1o mAnbog n tev otolxeinv tou delypatog.

I'vepidoupe Ot yia peyddo n n Katavoun g eKTIPNTIPLAS P €lval KAVOVIKY PE PEOT TIHT
E(p) = p xat dwaomopd Var(p) = @, dnAadn 1oxvet

b~ N, 2P
n
AxolouBoviag v 161a Sadikaoia onwg yla ) péon Tpn pe yvootr diaoropd, pe 1) Pornbea
TOU PETAOXNHUATIOHNOU
P-p

Vp(1 —=p)/n

KaTaAnyoupe oto H1actnpa eprmotoouvng yia v avaioyia p

. p(1-p)
pizl_a/z\/T.

AvukaO10tovVIag oto UKo opdApa v avaloyia p pe mv detypatiky avaloyia p €Xoupe 1o
draotnpa eprmotoouvng yia tmy p ano to detypa

. |D(1 - P)
) == A ) p—n b . (2.17)

z



2.2. EKTIMHXH AIAYXTHMATOX EMIIIXTOYXYNHE 37

To eupog tou b.e. tng avadoyiag p eivat

[~ 1- 3
w = Zzl_a/z . ID(—ID) (218)
n

AUvovtag v nmapandve oXEon ©g rpog n Bpiokoupe

_ (2 Z1-a/2

2
- | b1 -

[Tpwv amo ) peAétn tou delypatog e yvopidoupe v ektipnor g avaloyiag p. Apa ano v
maparndave oxeon o6& uropoue va Bpoupe tov aplbuo Tev IapatneEnoe®V rnou Ja XPelactouile
yla va unoAoyicoupe 6.e. tng p €upoug w. Mrmopei va He1xBel opwg oG 1 PEYIOTN T TTOU
propet va mapet n ékdppaon P(1 — p) eivar 0.25. Apa 1o péyebog detypatog mou xpeialopaote
yla va e§aodpalicoupe PEYI0TO €Upog W tou d.€. eivat

n= (—221‘“/ 2 )2 0.25 = (—Zl‘“/ 2 )2 : (2.19)
w w
IMapadewypa 2.13. Ia va ekuunoovue mu avajoyia okouplacusvov pabdéwv ydivéa piag
anodnkng nnpaue va detyua ano n = 100 pa6doug kat Bornkaue m = 12 0KOUPLAOUEVEG.

H onueiaxn extiunon yia v avajoyia p t@v 0KOUPLaousvov pabdov sival p = %0 = 0.12.
To 95% éraotnua sumotoovvng elvat (z1-q/9 = Zp.975s = 1.96)

0.12-(1-0.12)
0.12 + 1.96 o0 — [0.056, 0.184].

‘Apa og 95% eminebo eumioroovvng kat ue Saon to Ssiyua pag Utopouvle va TOUUE OTL To S1doTnUa
[0.056, 0.184] 9a nepiexel v mpayuatikn avajoyia okouplaouevov pabdéav yajiuvba, tnu oroia
9a umopovoaue va m Beovus av katausrpovoaus oeg tig pa6boug oInv amodnkKy.

'Eotew ou 9¢fovpe va ektunoovue 10 Stdotnua EUTLoToouvng mge avajoyiag p tov okoupla-
ougvev pabdav oto 6o eninebo sumiotoovvng 95% ajfa pe pukpotepo evpog w = 0.05 (1 av
avagepopuacte o TOOOOTA TO €UPOG va givar 5 ekatootiaicg povadeg). Amo v oxéon (2.19)
Bpiorouue 0Tt 10 UEYLOTO UEYEDOC N TOoU Helyuatog mou 9da xpelactovue eivat (avtkadiotoviag g
TYUES Z1_q/2 = Zo.975 = 1.96 kar w = 0.05)

1.96

2
n= (—) = 1536.6 = 1537,
0.05

onAadn yia va pusidooupe 1o eUpog tou 95% 6.€. g avajloyiag okouplacusvov pabdwv TEPiTou
Kkata 1o 1/3 mpénet va avfricouue 10 Uéyedoc tou betyuarog mave ano 15 eopéc.

2.2.4 AlaoTtnpa EPMIOTOOUVNG TNG dtadopdg 800 PECOV TIROV U — Lo

®¢Aoupe va EKTIPAO0UNE T §1aPopd TRV HECKV TIUOV U KAl Uy 8U0 aveaptniov T.1. X
rat X, €xoviag duo Seiypata peyeboug ny Kat ng ano tov mAnbuopo g X; Kat tov mAnbuopo
g X, avriotoiya.

H onpetlakn extipnon g Siadopdg p; — U €ival amdd n d1apopd IOV SEyPATIKOV PECOV
POV X] — X. ['a 1o didotpa eprmiotoouvng tng S1apopdg Uy — Mg MPETIEL VA EAEYEOUNE TNV
KATAVOWI] TG EKTIPATPLAS X — Xp, OTIOG KAVARE OV eKTipNon S1a0TtIatog ERIoTtoouvng yia
) pEOT) T K
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I'vootég draonopég Bcswpoupe 6T yvepiloupe g Slaoropis o2 kat 0r v X; Kat Xp. Yro-
9étoupe emiong ot to Seiypa eival apretd peyddo R n Katavopn v X; Kat X, £ivatl Kavovikr).
Tote n ekTPUNIPA X; — Xp AKOAOUOET KAVOVIKY] KATAVOUT] PE PEOT TN U; — Up KAl Slactopd

2 2
a4 %

-+ 2. Av ol X; kat X efvat opookedaoticés, dndadn of = oy = 0, te 1 Slaomopa eivat
0?(5 + 7o)

H &wadikaocia eival idia onwg yla v Upeon 10U H1a0TPATOG EUTTIOTOCUVNG Yid Tr PEoT
TP U av KAVOUHE TIG ITAPAKAT® AVIIKATAOTAOELG

EKTINTPIA X — xXx-%
peon tpn exupnipag p ——> Uy~ He
2 2 2
. . 0y | 9%
dwaomopd ekupniplag — — — + —.
n 1y

Enopéveg to diaotnpa eprmotoouvng g dtapopdg py — U ivat

o} o}
(X1 — X2) + Z1_q/2 . + - (2.20)
1 )

Zv pdgdn, otav EKTPANE T0 §1A0Ttua EUIToTooUVng g 1adpopdg K — Uy ival ylati 9édoupe
va H1armoTt®ooupe av Katd P00 Opo 1) pid T.J. £ival Stapopetik) (peyadutepn 1] LIKPOTEPT) Ao
Vv AAAn Kat av val va eKTIPIHooUPE 1o peyebog authg tng dtapopag. To Sidotnpa eprmotoocuvng
AOUTOV 1O EPUNVEVOUNE OGS EENG:

o Av miepiEXel T0 UNdEV T10Te H€ PTIOPOULIE VA TIOUE OTL O1 PEO0EG TIHEG TV T.1. X; Kat X, da-
@EPOUV Y1a TO EITINEDO EPITIOTOOUVNG TTOU X P1|O1HOITIO)0a e KAl e BAOH Ta CUYKERPIPEVA
dedopéva.

e Av gival 9etkd 10Te PropovUpe va MOUHE NMKG yld To erinedo €PIotoouvng Imou Xpn-
owornoioape n t.h. X; eivat Katd péco opo peyaldutepn aro ) X, KAtd €va mooo
MOU Kupaivetal ota opla Tou S1a0Trpatog mou eKTPfoape. Avaloya eppnveUouUpE 1O
draotnpa eprotoouvng otav eival apvnTiko.

IMapadewypa 2.14. Evdiapepiuaote va damiot@oovpe av 1o mopwdeg niiov tou yaiavdpaka
€VO¢ Kottaouarog A sivat kata peoo 0po dapopetiko anod auvto evog djljlou kottaouarog B. It
avtd 9éfovue va ektyurjoovue 10 95% Olaotnua umioTooUvng yia mm d1apopd TV UECOV TYUOU
U1 Kat s 10U mopwdeg niiov oe yatavdpaka tou kottaouarog A kat B avtiotoya. Aivetat ot i
biaomopd sivar kown kat yvoot kat eivar 0 = 0.38.

Zrov ITivaka 1.3 gxouue 25 petprjoeig tov mopwdoug niliov tou yatavdpaka ano 1o koitaoua A
kat 20 ano 1o koitaoua B. Zro ITapabetyua 2.9 sibaue pue m Londeia wroypauparog (Zxnua 1.2)
Kat 9nroypauparog (Exnua 2.2) nog 1o nopwdeg niiov tov yaravdpaka amo 1o koitaoua A 9a
uUmopovoe va akofovdel kavoviky katavour). Amo 10 otdypauua kar 1o Inkoypaupua tov Zxn-
uatog 2.7 UTopouue va moUUe 10 1610 Kat yla 10 mopwdeg njliov tou yaravdpkra amo 1o koitaoua
B. 'Apa umopouue va umodeoouue g ot T.U. Tou mopwboug niiou X, kat X, kat yia toug 6U0
nAnduououvg, énAdadn toug yaiavdpakess ano ta dUo Koutaopuara, akoAovdouv Kavovikr] Katavo-
un. Zuvykpivovtag ta Inkoypduuata ya ta kottaouata A kat B (6e¢ Zynua 2.2) eaivetar ot n
Kevipowkn taon (6w didpeoog) tou mTooootoU opwbdoug NAiou yia 10 yaravdpka 10U KOLTAOUATOS
B sivar yauniotepn ano auvty yia 1o koittaoua A, adia iowg oyt onuavitka agou ot Suo Inkeg
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loToypapua piopwdug NALOL I Kortaopa B ©OnKoypaupa TPKWEOUG NAIOU VIO Ta 2 KOITACHATA

7+ _

(%)

6.51 !

|
1

5.5f

4.5F

ouxvotnTa
o = N W
|
(2]
% -
% o

Zxnpa 2.7: Iotdypappa twv dedopévav tou mopwdoug nAiou (oe mooootd) tou yatavOpaxa
anod 1o Koitaopa B tou ITivaka 1.3 kat 9nkoypdappata tov dedopévav tou rmopndeg nAiou tou
yaiavbpaka arnod ta dUo Kottaopatd.

(ta 6raotnuata tov 50% Kevpkov OV ToU Kdde belyuarog) emucaiuntovial o€ peyaio Saduo.
Zm ovvéxela 9a efetacouue av avtn n dtagopd gival oTatloTikd CNUAVTIKY KAvovtag Xonon tou
d1aotuatog EUTLOTOoUVNG NG Uy — Us.

O1 beyuatkeg ueoeg tueg unooyifovtar oe x; = 5.67 kat X, = 5.38. H Siagpopa 1oug sivat
X — X = 0.29. And m oxéon (2.20), OMOU Z1_q/2 = Zog7s = 1.96 kat 0 = o2 = 0® = 0.38
Bpiorxouue ot 1o 95% draotnua sumiotoovvng givat

1 1
0.29+1.96 \/0.38 . (— + —) — [-0.073, 0.653].
25 20

Zuumrepaivoupe Aomov Twg ot eminedo eumiotoovvng 95% be umopouvpe va movpe twg ta dUo Koltd-
ouata yatavdpaka 51agpEpouv onuavtikd og mpog 1o topwdeg nAiov. To dwaotnua [-0.073, 0.653]
TEpLEXEL 0T Kat optakd 10 0 kat 6 pag eMIPENEL VA CUUTLEPAVOUUE OTATIOTIKA ONUavtkn oia-
eopa. Ia téroia opraka amotefsouara n puovn Avon evar va avérjoouvue ta deiypara katr va
KAvouue majt v eKtiunon.

‘Ayveoteg Srtaomopeg  ZuvrOwg otav e yvopiloupe TG iy, Ho AYVOOUHE KAl TIG 012, 022. ‘Otav

10 detypa eivatl peyddo (n > 30) PopoUpE va avikataot)ooupe ot oxéon (2.20) ug oF, o2
pe TG detypatkég 81a0ropég s7, S5 KAl va EKTIIHCOUE £T01 T0 S1A0Tpa EPIiotoouvng yia T
dlapopad pu; — Us.

‘Otav 0pwg 10 Peyebog Tou evog 1) Kat TV duo deypdtov eivat Jikpod 11 eKTIPNOn TOU
dlaotpatog eprotoouvng eivatl mo mePimAokn. Xinv MePint@on Imou Ol KATAVOHRES TV X
kat X, &g Sivovrat (1] @aivovtal ano ta dedopéva) va eivat Kavovikeg, de pmopoupe yevikda
va nipoodilopicoupe v Katavopr] g d1apopag x; — Xy yld va EKTIPNOOURE €101 TO draotnpa
EUIOTOOUVNG. L& P1d TETO1d TIEPITTI®OT) TIPETIEL VA KATAPUYOUHE O UI]-TIAPAPETPIKT] EKTINOT.

Ztn ouvéxela unobEtouple MG Ol Katavopeg twv X; Kat X, €ival KAVOVIKEG Kl ETUUITAEOV
opookedaotikég (07 = 0 = 0%). T aut)v Vv epimwon opidoupe mpota ) Seypatikn Kowr]
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blaomopd s> @G oUVAPTNOT) TRV ST KAl So

2

2o (ny — 1)s? + (ng — 1)s2

n +ng—2

(2.21)

Mropet va &e1x0ei 611 n s* eival apepoAnmin ekTprIpla g Kowng diaomopds o2. Me 1)
Bor|Beta tng s> n extipnon g dlacmopds g d1adopds X; — X, eivat s? nil + niz) INa v extt-
HNTIPA X — Xy PIIOPOULE VA OPIC0OUHE TOV IAPAKAT® PETAOXNHIATIONO TTOU akoAoubel katavoun
student pe n; + ny — 2 Babpouvg eAdeubepiag

’ (X — X2) — (1 — 12)

~ tm +ng—2

aro 1o oroio mpoKurtel g 10 (1 — a)% Sidompa eprmotoouvng g dradopdag Uy — My eivat

L [1 1
(X1 — Xo) + tp4ny—2,1-a/2 SA[— + —. (2.22)
1451 Ny

MMapadewypa 2.15. Ia 10 mponyouusvo tapddetyua ag umtodE0OUUE LG 1 S1acTopd TOU TOP®-
6oug niiov tou yaravdpaka sivatr ayvwotn kat yla ta dvo kouadouara. Ano ta dUo 10toypaupuata
ota Zyxnuata 1.2 kat 2.7 kadw¢ kat ta Inkoypauuata oto Zxynua 2.7 umopovus va 6eTOUUE OTL
oL T.u. toUu mopwdoug nAiov tou yaravdpaka ki ano ta 6Uo kortaouara akojovdovv Kavovikn
Katavoun kat pafiota exovv mv ibia dtaomopd (10 eUPOg TOV TUOV TV 6UO0 detyudtov lvat me-
pinov 10 i610). [Ta Inroypdupata deiyvou Karowa Siapopa otn 51acToPd TOV TV TOU Top@doug 1niou
uetalv twv vo kottaoudtov aiia yia va anokAsioovue 01t o1 S1aomopEg UTopEl va givat ioeg 9a mpémel n
wa 91N va givar touAaytotov Sutiaota e ading.] Asyopaote Jomov ot n Katavour] 10U Too0oToU
nmopwbdoug niliov tou yaravdpara kat yia ta 6U0 Koudouata givat Kavovikr), ot SlaomopEg glvat
ib1eg kat emeldn emmjlcov ta Seiypata sivat oxetka WKpd CUUTEPAlVOUUE OTL 1] Slagopd X, — X
axojlovdei katavoun student.

H bewyparkn dtaomopa tou mopwdeg niiov tov yaiavdpaka amo 1o koitaoua A sivat s% =
0.375 kat ano 10 koitaoua B sivat sg = 0.326 (oxetuka wovta). Egpapudlovtag m oxeon (2.21)
Boiorouue 6t n beryuatin kown diacmopd etvar s* = 0.353 ki emoucvag s = 0.594 (6mou n, = 25
Kat ng = 20). Ot Baduoi efsvdepiag givar n; + ny — 2 = 43 kat yia eninedo eumoroovvng 95%
Bpiokouue ano tov otatotiko mivaka yia mv katavour student tmv kpiown ] tys 0.975 = 2.02
(oAU xovta otnv avtiotolyn Kplown T Zo.g75 = 1.96 ¢ TUTIKY¢ KAVOVIKYG Katavourg ylati ot
Baduoi efsvdepiag eivar moAfol). To 95% 6waotnua suniotoovvng givat (X, — X, = 0.29)

[ 1 1
0.29+2.02:-0.594/—+— — [-0.07, 0.65].
25 20

'Onwg kat mpw mou n 61acmopad Ntav yvotr 6 UTOPOUUE VA TTOUUE TS Ol UEOES TIUES YA TO
nopwbeg niliov Tou yaravdpaka ano ta dvo Kortaouara diapEpovv Ue OTaTloTIKY ONUAVTIKOTNIA.

IMapatnpnosig

Ot mapdyovieg 1ou e1npedalouv TOV UTIOAOY1OHUO TOU S1a0THATOg EPITIOTOCUVIG TNG Uy — Mo
etvat ot 161eg OTIKOG yla ) p. X' autég mpootibetatl Kat 0 apayoviag g 100tntag 1oV 51a0TopmV
v X; kat X,. Ztov ITivaka 2.2 ouvoyietatl n ektipnon tou 61a0tpatog eUoToouvng s
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dlaomopeg |katavoun| ny, Ny | KATAVOUN NG X; — X diaomua eumiotoouvng
v X7,X |Tov X7,X

. : — Ga—x)-(u—p) = _ 3 0_? ‘7_%
YV®OTEG | KAVOVIKY) z= ———= ~N(0,1)] (1 —X2) £ Z1-q/2 o
[23Y %1—%g)— (11— 22
YVOOTEG peyddal|z= w ~N(@,1) (X1 —X2)£2 ap Z—‘l + Z—z
KOVOVIKN A+Z
. H .
YVOOTEG HiKpa — —
KQVOVIKN
ayvwoteg 3| = GF) () - < S8
: , eydAa|z= B2 L N(O, 1 X —Xp) 7 2
aviceg/ioeg Hey TJ,ﬁ 0.1 (a1 —X)+£2zZ1qp o
ny ng
AYvoOoTeg , , - - -
ioeg KAVOVIKN | JIKpa | = = ’i/)lill“Z) ~ g2 |(1X2) * ty4ny-2.1-a/2S ni1+ni2
AYyVOOTE Hun
Y\,) s HiKpa — —
10ES KAVOVIKI)
AYyVQROoTEg ,
. KpaA — _
avioeg Hsp

[MTivakag 2.2: Extipnon tou Staotrjpatog epriiotoouvng g d1apopdg p; — He avadoya pe 1
YVOO1 TV 8100TI0pOV KAl KATAVOU®V ToV T.1. X; Kal X, kKaBdg KAl 1oV peyebov n; Kat ny tov
avtiotoixev detypdtav.

U — HUp oG O1APOPES TIEPUTTIROELG. Yridpxel @avepr] aviotolyia tov MEQUIIROERV Yid
10 Sraotnpa sprmotoouvng g péong tpng (Mivakag2.1) kat yia 1o didotnpa eprmotoouvng
g Sagpopdg Vo péowv tpwv (Ilivakag2.2, ot €61 mpateg oepég). Ta ) dapopd pécwv
TIHQOV UTIAPXEL AKOPA 1] TIEPIMTIMOT] TOV AVIO®V Kl AYVOOT®V H1a0TI0p@V 08 ouvilaopuo pe Pikpd
betypata (tedeutaia oepa tou Ilivaka 2.2) yua v omnoia dev priopoupe va kabopicoupe tnv
KATAVOUI] NG EKTIPNTEIAG X — X KAl AT autiv va Bpoupe 1o Sidotnpa eprmotoouvng. X' authv
NV NMEPUTIOOT OUTE 1] P MTAPAPETIPIKY eKTIPNON pItopet va dwoet daotnpa sprmotoouvng (yia
1 61apeco).

I"a 1o Sdotnpa eprmotoouvng g Stadpopdg pEonv TV urobéoapie ott ot T.1. X; Kat Xy
elvat ave§apinteg. Ae 9a aoyxoAnboupe e tnv nepintoon mnmou ot X; kat X, eivat e§aptnuéveg
(0tav dnAadn €xoupe levyapwise maparnproslg) yati tetowa npobAnpata dev apouotddoviat
ouXVd Ot PNXAVIKL.

2.2.5 Awaotnpa tng dragpopag 9o avaloylov p; — po

H extipnon aotiuatog sprmotoouvng g Stadopdg 6U0 avaloyiwv p; — ps TIapouctadetat
otav 9¢doupe va ouykpivoupe duo mAnbuopoug g rpog pa dotta, dndadr av n avadoyia
P1 T®V OTOIXEIOV TIOU TANEOUV Jia 1810tnta otov éva MANOUoPo eival S1apopPETIKY), K1 av vdt
Katd MO0, arno v avtiotoixn avaloyia ps tou ddAou mAnBuopou. T'a napadetypa, S¢doupe
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va doupe Katd oco drapépet n avadoyia kopitowwv oty IHoAutexvikn XxoAr kat ot Puoiko-
pabnuatkn 1 9édoupe va diepeuvrjooupie av ol avaloyieg oKouplaopévev paBdov xaAuBa oe
6U0 amobrkeg draPpépouv Kal KAtd moOCo.

H onpelakn ektipnon mg dtapopdg p; — pp Sivetat aro ) dadpopd v p; = r:—: Kat Py = ':—22
orou m; eivat 1o mAnOog srutux®Vv’ oto deiypa peyeboug n; aro tov p®to MANOUoPO Kat my
etval 1o mAnbog ’srutux1dv’ oto detypa peyeboug ny aro 1o devutepo mAnOuopo. Ivepidoupe
OTl Yl PEYAAd Nn; KAl Ny 1 KATAVOUN NG EKTUNTIPAS P — Do €val KAVOVIKI] HE PEOT TN
E(p1 — P2) = p1 — 2 ka1 B1aomopd Var(py — py) = BL7ES + L v dpa

(b1 — P2) — (p1 — P2)
\/pl(l - p1) N p2(1 — p2)

n ny

z ~ N(O, 1).

AvukaB10tvtag otov TUIo NG H1a0TI0PAG TIS AYVOOTEG AVAAOYIEG p; KAl Po PE TIS SEIYHATIKEG
EKTIUNOEIS 1 KAl P Ppiokoupe 10 (1 — a)% Siaotnpa eprmotoouvng tng 61adpopdg p; — po

p1(1 = p1) N D2(1 — pPo)
n n,

(D1 — P2) * Zi—ay2 \/ (2.23)

IMa v extipnon g §1a0mopdg tng eKTPATPAS P — P, UITOPOUHE va UTTOBECOURE OTL Ol
avaldoyieg p; Kat po 6e Srapépouv rmapd oAU €101 OOTE va PITOPOUE VA XPI1O1I0ITO|0OUHE
TV eKTIPNON NS KOwrg avaloyiag p rmou opidetatl og

. Tupr+napo
p=——"""
n + rnyg
Toéte n 6lacmopd NG P; — po Oivetatr g p(1 — f))(ni1 + niz) Katl 1o dlaotnpa eprmotoouvng g
dragopdg p; — pe divetal anod ) oxéon

Iy

1 1
(D1 — D2) * Zi—ayo \/15(1 -p) (n_ + —) (2.24)
1

IMMapadewypa 2.16. [ia va ekuurjoovue av Utdpxel Slagpopd OT0 TOGOOTO OKOUPLAOUEV®DV Pa-
Bbéwv yaiv6a dvo amodnkav mnpaue gva dciyua 100 pabdov and v mpwtn amodnkn kai
Bonraue 12 oxovptaouéveg ki €va deiyua 120 pabdwv ano ) deutepn anodnkn kat fonkaus 26
OKOUPLAOUEVEG.

H extiunon anod ta deiyuata yia tg avaioyieg¢ okouplaoUevav pabdéav sivat p; = %0 =0.12
yla TV T anodnkn Kat P, = % = 0.217 ywa m bevtepn anodnkn. H Owagpopa sivai
D1—D2 = —0.097 (0g T0000106 9.7 %) K1 anod 10 95% SrdoTNUa EUTIOTOOUVNG UTTOPOUUE VA KOIVOUUE
av givar otanotika onuavtkn. Ano m oxéon (2.23) kat yia z1_q/2 = 1.96 Bpiokouvue

0.12-0.88 N 0.217-0.783
100 120

To 95% braotnua eumioTooUVNG TEPLEXEL OplaKd To UNOEV Kal Yl AUTO OUUTEQALVOUUE TS UE AUTA
Ta betypuata kat o' avio 10 eninedo eumiotoouvng n dstyuatikn diagopd twv avadoyliov av kat
givatr og mTooooto mepinov 10% bev eivar otatotika onuaviikn. Paiveral OU®S 10 TOCOOTO OKOU-
PLAOUEVOV pabbwv 0Tn Tpwtn anodnkn va sival ukpotepo. 'lowg 9a émpene va avinoouue 1o
betyua pag Kat va TapoUUE ET0L OTEVOTEPO OLA0TNUA EUTILOTOOUVNG Yia va S1amioTWOOUUE AV TP AY-
uatn epiexet o 0 1 oxt, av énidadn n dtagpopa twv dvo avaoyldv gival oTatiotika ONUAVTIKY.

-0.097 + 1.96\/ —  [-0.198, 0.004].
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Ta daotpata eprotoouvng, nepa arno 1o Ot Hivouv £va eUpog TIPMV Yia TNV ITAPAPEIPO
MoU HeAetdpe, pag divouv ) Suvatotnta va eAEySoUpe av Pia OUYKEKPTHEVT T TG Tapda-
Bétpou eivarl iBavny PAEmoviag av avrkel oto daotnua sprotoouvng. 'Etol, oto tedeutaio
napddetypa, edéyxoviag av n tpr pndév avikel oto Siaotpa PIoTtoouvng Pag EITPETTEL
otV ouoia va gAéysoupie av ot HUo avadoyieg drapépouv onpavuka n oxt.

210 enopevo RedpdAato da mapouolacoupe TETO10UG OTATIOTIKOUG AEYX0UG Yia Tig id1eg ma-
PAPETPOUG Y1d TIG OTIOIEG EKTIPNOAE H1a0THATA EPRITIOTOCUVNG.
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