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[Meplexopeva

- Maximum-Minimum Problems of One Variable Functions.
. Absolute Maximum-Minimum.

. Constrained Problemes.

- Maximum-Minimum Problems of Two Variable Functions.
. Absolute Maximum-Minimum.

- Matrix Theory.
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Maximum-Minimum Problems of One
Variable Functions

» A function f(x) has a relative maximum f(a) at the point

(a,f(a))if f(a) = f(x) for all x in some open interval
containing a.

» A function f(x) has a relative minimum f (a) at the point

(a,f(a))if f(a) < f(x) for all x in some open interval
containing a.

(f(a+h)—f(a)

, >0 ifh>0
» Relative minimum < =
f(a+h)—f(a) .
\ . >0 ifh<0O
’ > O

f(a) <0
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Theorem 1 and Example 1 (1)

Theorem 1. If f (x) is differentiable at a and is defined on an
open interval containing a and f (a) is either a relative
maximum or a relative minimum of f(x) THEN f'(a) = 0.

Example 1. Find the relative minimum-maximum of
fx)=x3—-3x+2,—0<x <+

Since f(x) is differentiable on R and
fl(x)=3x*-3=3(x—-1)(x+1)

then we possibly (since Theorem 1 does not give necessary and
sufficient conditions ) have a relative minimum-maximum at
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Plot of xA3-3x+2
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Example 2

Find the relative minimum-maximum of
f(x) =x%/3,-2<x < +3

The derivative of f(x)is
2

2 21
flx) = —x3 =371
x3
The derivative does not exist at x = 0. Nowhere f'(x) = 0. Are
there any relative maximum-minimum?

Note that the theorem does not say anything about the points:

« Where there is no derivative.

< _The boundaries of our domain.
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Plot x*(2/3)
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Example 3 (1)

Find the relative minimum-maximum of
f(x) =x3,-3<x<+3
The derivative of f(x)is
f'(x) = 3x*

Note that f'(x) = 0 = x = 0 but we don’t have any relative
minimum-maximum at x = 0.

Note: The converse of the Theorem 1 is not always True!

Oswpia BéAtiotou EAEyxou
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Example 3 (2)
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The first derivative test

Let a be a critical value of f(x) and suppose that f (x) is
differentiable for all values of x near to a (but not necessarily at

a). For values of x near aq,

A. Iff'(x) =0forx <aandf'(x) <0forx > a,then f(a)
is a relative maximum.

B. Iff'(x) <0forx <aandf'(x)=0forx > a,then f(a)
is a relative minimum.

C. If f'(x) has the same sign on both sides of x = a, then

f (a) is neither minimum nor maximum.

Oswpia BéAtiotou EAEyxou
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Example 4 (1)

Find the relative minimum-maximum of

f(x) =x3—3x+2,—00 <x < 4w
Since f (x) is differentiable on R and

fl(x) =3x*=3=3(x—-1D(x+1)
{f'(X) >0, Vx€ (-, —1]
ffx) <0 Vvxe[-11]
{f’(x) <0, Vxel[-1,1]
f'(x) =0 Vxe€]|l,+)

= x = —1 (maximum)

= x = 1 (minimum)
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Example 4 (2)

(]
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Example 5

Find the relative minimum-maximum of
f(x) =x3,-3<x<+3
The derivative of f(x)is
fl(x)=3x2=0

Since f'(x) has the same sign on both sides of x = 0, then f(0)
is neither minimum or maximum.

Oswpia BéAtiotou EAEyxou
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The second derivative test

Suppose that f(x) is twice differentiable function in some
interval about a and suppose that f'(a) = 0.

A. If f'"(a) < 0then f(a) is a relative maximum of f'(x).
B. If f"(a) > 0then f(a) is a relative minimum of f'(x).
C. If f"(a) = 0 then the test is inconclusive.
L f'@=f"@=-=f"V(a)=0fM(a) %0
then

a) aisan extreme point iff nis even (like f(x) = x?).
Further when n is even, there is a relative maximum at
x = aif f™(a) < 0 and a relative minimum if
fM(a) > 0.

a is an inflexion if is odd (like f(x) = x3).

Oswpia BéAtiotou EAEyxou
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Example 6

Find the relative minimum-maximum of
f(x) =x3—3x+2,—00 <x < 4w
Since f (x) is differentiable on R and
f'0) =3x* =3 f'(=1) = '(1) = 0
f"(x) = 6x

. f"(-1)=-6<0 f(—1)relative maximum
f"1)=6>0 f (1) relative minimum

Oswpia BéAtiotou EAEyxou
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Absolute Maximum-Minimum

» The absolute maximum of the function f(x) is a value f (a)
such that f(a) = f(x) for all values of x in the domain of

f(x).
» The absolute minimum of the function f(x) is a value f(a)
such that f(a) < f(x) for all values of x in the domain of

f(x).

How to find the absolute maximum-minimum of the continuous
function f(x) on |a, b]?

Oswpia BéAtiotou EAEyxou
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How to find the absolute maximum-minimum of
the continuous function f(x) on [a, b]?

Find all the critical values of f(x) i.e. f'(x) = 0.

Find the values f(a), f(b).

Find the values of f (x) for the points where there is no
derivative of f(x).

Of the above values, the largest is the absolute maximum,

and the smallest is the absolute minimum.

Oswpia BéAtiotou EAEyxou
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The cake-pan: Optimization

A manufacturing company plans to make microwave-safe
cake pans by cutting squares out of the corners of a 12-inch
by 12-inch piece of plastic, and then bending the sides up.
The seam along each corner will be fused to finish the pan.

The manufacturer wishes to determine what size square
should be cut from the corners to make a pan of the greatest
possible volume.

Oswpia BéAtiotou EAEyxou
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Solution (1)

» Step 1. Understand the problem

/=volume of the pan.

x= the length of a side of the square base.

h=the length of a side of the corner to be cut out=the height
of the pan

V=x?handx + 2h = 12

» Step 2. Form a mathematical statement of the problem.
x =12 —2h

V(h) = (12— 2h)?h,0<h <6

e seek the maximum value of V'(h) for0 < h < 6.

A\
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Solution (2)

» Step 3. Determine the maximum- minimum

Find the derivative of V(h):
V'(h) = 2(12 — 2h)(=2)h + (12 — 2h)?
= (12 — 2h)(=4h + 12 — 2h) = (12 — 2h)(=6h + 12)
Therefore V'(h) = 0 for h € {2,6}. We have also that:
V'"(h) = (-2)(—6h + 12) + (12 — 2h)(—6) =
= 24h — 96 = 24(h — 4)
and thus V""(2) = —48 < 0,V"(6) = 48 > 0.
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Solution (3)

Therefore we have a relative maximum for x = 2. We have also
that V(0) = 0,V (6) = 0. Thus the largest of the values
V(0),V(2),V(6)is

V(12 — 2% 2)?2 =8% %2 = 128in3
which is the absolute maximum.

» Step 4. Answer the question

Since we have the absolute maximum for we have that and
therefore the dimensions of the largest tray are 8 inches by 8
inches, a very common size for microwave trays and cake pans.

What about a non-square base?

Oswpia BéAtiotou EAEyxou
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Rectangle in a circle (1)

What is the rectangle of largest area that can be cut from a
circle of radius 20 inches?

» Step 1. Understand the problem.

Let be one of the corners of the rectangle, as shown below.
)=

(xy)

T10 -

(%,-y)
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Rectangle in a circle (2)

What is the rectangle of
largest area that can be cut
from a circle of radius 20
inches?

» Step 1. Understand the
problem.

Let be one of the corners of
the rectangle, as shown
below.

)= |

10 -

S 10 -

(_X’ _y) : (X ) _y)

x% + y? = 207
E = (2x)*(2y) = 4xy

Oswpia BéAtiotou EAEyxou
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Rectangle in a circle (3)

» Step 2. Form a mathematical statement of the problem.
x =+4/202—y20<y<20

E(y) = 4xy = 4yy/202 — y?
We seek the maximum value of E(y) for 0 < y < 20.

» Step 3. Determine the maximum-minimum.
Find the derivative of E(y):

1 1
E'(y) = 4202 —y? + 4y (—2y) =
\/ 2\/202 — y?

42 4(20% — y2) — 4y? 20% — 2y?
 =44J202 —y2 — Y = ( y)— 4y =4( y)
J202 =2 V202 — y? V202 — y?
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Rectangle in a circle (4)

ThusE'(y) = 0= 20%2—-2y2=0=y = +10v2
We also have that

17 . (202—23/2) ' _ 8y(y2—600)
By = (452 = 3

(400-y?)2

and thus E"(10v2) = —16 < 0,E"(—10v2) = 16 > 0

Therefore we have a relative maximum for y = 10+/2.

We have also that E(0) = 0,E(20) = 0.

Thus the largest of the values E(0), E(lOﬁ), E(20)is
E(10v2) = 800in?

ich is the absolute maximum.

A\
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Rectangle in a circle (5)

» Step 4. Answer the question.

Since we have the absolute maximum for y = 10+/2, we have
that x = x = /20 — y2 = 102 and therefore the dimension
of the rectangle are 10v/2 inches by 10v/2 inches (square).
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Constrained Problems

» Minimize-Maximize Q(x,y) subject to constraints C(x,y) =

K € R.
)

» Minimize-Maximize Q(x,y(x)) subject to constraints

C(x,y(x)) =K € R.

d d
- Q(x,y(x)) = 0,— C(x,y(x)) =0
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Example 7 (1)

Minimize
E = (2x)=*(2y) = 4xy
subject to constraints
x% + y?% = 202,
Solution. We have that E(x, y(x)) = 4xy(x) and x% + y(x)? =
2074, and thus

d d
E(x y(x)) =0 4y(x) + 4x dic} 0
d

d dy
“ 2 2\ — = (902 &y
- (x“ + y(x)*) - (20°) = 2x + 2y(x) - 0

. The cases x = 0 and y = 0 do not produce maxima, so we may
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Example 7 (2)

assume that x > 0 and y(x) > 0.
With these assumptions the two equations become

av _ _y®) and ay _ __X_
dx X dx y(x)
respectively. Thus
dy  y(x) X .
—_——_——,— e —— & =
dx X y(x) * (%)

The only first-quadrant solution of the equations

x2 = y2(x) and x2 + y(x) * = 202
is the point (10\/2 10\/7) which determines a square with edge
length 20+/2. (the same solution with previous example)
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Maximum-Minimum Problems of Two
Variable Functions

» A function f(x,y) has a relative maximum f(a, b) at the
point ((a, b), f(a, b)) if f(a,b) = f(x,y) forall (x,y) in
some rectangular region about (a, b).

» A function f(x,y) has a relative minimum f(a, b) at the

point ((a, b), f(a, b)) if f(a,b) < f(x,y) forall (x,y) in
some rectangular region about (a, b).
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Theorem 2

Theorem 2. (Necessary Conditions) Suppose that f (x, y) attains

a relative maximum or a relative minimum value at the point
(a, b) and the partial derivatives

fx(a,b) and f,(a, b)

both exist. Then

fx(a, b) =0= fy(a' b)

Oswpia BéAtiotou EAEyxou
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Example 8 (1)

Find the relative minimum-maximum of
f(x,y) =x?+y%, -0 <x,y < 400
Since the partial derivatives

_9f _ of
fx—a 2x and f), = 3y = 2y

both exist and
fk=hH=0e (x,¥) = (0,0)

Then we possible (since Theorem 2 does not give necessary and
sufficient conditions ) have a relative a relative minimum-
maximum at (x,y) = (0,0).

Since

(xy) f(0,0)=x>+9y2—-0=x%2+vy2>0
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TuApa Madnuoatikwv 35



Example 8 (2)

we have that

fx,y) = f(0,0)

Thus we have a minimum at (x,y) = (0,0).
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Example 9 (1)

Find the relative minimum-maximum of
floy) =x* = y%—0 < x,y < +oo

Since the partial derivatives

of af
fr = a—Zxandfy 3y = =2y

both exist and
fx = fy =0 (x,y) =(0,0)

Then we possible (since Theorem 2 does not give necessary and
sufficient conditions ) have a relative a relative minimum-
maximum at (x,y) = (0,0).
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Example 9 (2)

Note. The theorem gives necessary but not sufficient
conditions
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The second derivative test

Suppose that z = f(x, y) has partial derivatives at all points
near a point (a, b) and that (a, b) is a critical point of f(x,y) so
that

fx(a,b) =0 = fy(a,b)

Let
82f
A = fix(a,b) zﬁ ’
(a,b)
aZf
B = =
fx_’y (a) b) ayax )
(a,b)
62
fyy(a,b) = 5

(a,b)
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Rules

Rule 1. f(a, b) is a relative maximum if AC — B> > 0 and 4 < 0.
Rule 2. f(a, b) is a relative minimum if AC — B > 0 and 4 > 0.
Rule 3. ((a,b), f(a, b)) is a saddle point if AC — B% < 0.

Rule 4. The test gives no information about the type of critical
point if AC — B% = 0.

Note. The values of 4, B, C depend upon the point (a, b) and
must be determined independently for each critical point.
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Example 10 (1)

Find the relative minimum-maximum of
flx,y) =x?+y%, -0 <x,y < 400

Since the partial derivatives

_9f _ of
fx—a 2x and f), = 3y = 2y

both exist and
fx:fy:O(:)(x y) = (0,0)

a%f
A=fax(00)==5  =2>0,
0,0)
0°f
B = f£,,(0,0) = e

Oswpia BEAT u(tg.t g)vxou

TuApa Madnuoatikwv
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Example 10 (2)

and

o2f
C=f,y(0,0) = 9y2 = 2
(0,0)

£(0,0) = 0% + 0% = 0 is a relative minimum since

AC—B*=2+2-04=4>0

and

A=2>0
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Example 11 (1)

Find the relative minimum-maximum of
flx,y) =x?—y%, -0 <x,y < 400

Since the partial derivatives

_of _ of
[y = Pl 2x and f,, = 3y = =2y

both exist and
fx:fy:O(:)(x y) = (0,0)

a%f
A=fax(00)==5  =2>0,
0,0)
0°f
B = f£,,(0,0) = e

Oswpia BEAT u(tg.t g)vxou

TuApa Madnuoatikwv
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Example 11 (2)

and

% f
C=fy00) =5 =-2
y
(0,0)

((0,0), f(0,0) = 0) is a saddle point since
AC—B?=2%(-2)—0°=-4<0
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Absolute Maximum-Minimum

» The absolute maximum of the function f (x, y) is a value

f(a,b) suchthat f(a,b) = f(x,y) for all values of (x,y) in
the domain of f(x,y).

» The absolute minimum of the function f (x, y) is a value
f(a,b) suchthat f(a,b) < f(x,y) for all values of (x,y) in
the domain of f(x,y).

Question: How to find the absolute maximum-minimum of the

continuous function f (x,y) on a closed curve R?
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How to find the absolute maximum-minimum of the
continuous function f (x,y) on a closed curve R?

1. Find all the critical values of f(x,y) i.e.
fr(a,b) =0 = fy(a' b)

2. Find the maximum of the values of f(x,y) on the
boundaries of R.

3. Find the values of f(x,y) for the points where there is no
partial derivative of f(x,y) .

4. Of the above values, the largest is the absolute maximum,
and the smallest is the absolute minimum.
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Box optimization (1)

Find the dimensions of a rectangular box (with no top) of
volume 64in3, that has the minimum surface area.

» Step 1. Understand the problem
V = volume of the box
E = surface area of the box (no top)
x = the length of the first side
y = the length of the second side
h = the heigth of the box
V =xyh = 64
E=xy+2xh + 2yh
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Box optimization (2)

» Step 2.Form a mathematical statement of the problem.

64
h =—
Xy
E(x,y) = xy + 2 64+2 64 +128+128
X,Y) =Xy xxy yxy_xy y v
0<x,y

We seek the maximum value of E(x,y) for 0 < x, y.
» Step 3. Determine the maximum-minimum

Find the derivative of E(x, y):

128  yx? — 128
Ex(x,y) =y — 7 =

x2
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Box optimization (3)

By(x,y) = x = —5 =

128  xy?—128

y* y*

E,(x,y) =0=xy*—-128=0=

|

Note also that

128
2

y_

A = E, (4V2,4V2) =

2
——J-—U8=0:um=x%:

x = 128 = 43/2

128 128
2 ;= 4V2
X (432)

2128
x3

=2>0
(4%/2,4%2)
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Box optimization (4)

’E
B = E,,,(432,432) = P =1,
Y (432432)
C= Eyy (432,432) =27 (i) 2> 0
12 12
f (47 2,4%):xy+—8+—8 — 4814
Y Y (432.4%2)

is a relative minimum since

AC—B?=2%x2—-1°=3>0andA=2>0.
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Box optimization (5)

» Step 4. Answer the question.

Since we have the absolute maximum for (4%, 4%), we have

128 128 : :
thath=—=—5——5== 43/2 and therefore the dimensions
Xy  43/2%4%/2

of the box with the maximum surface area are 43/2 inches by
43/2 inches by 43/2 inches.

» Note. Find the dimensions of a rectangular box (with no top)
with surface area of 64in2, that has the maximum volume.
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Least squares method (1)

Find the line

y=ax +b
that best fits the data points (x;, y;),i = 1, ..., n.
Solution

We define the deviation between the ith point and the line to
be:
d; = y; — (ax; + D)

We need to minimize the function

f(a,b) = zn: di = zn:(yi — ax; — b)?
i=1 i=1
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Least squares method (2)

/

y=ax+b
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Least squares method (3)

fa(a,b) = aa—a{Z()’i — ax; — b)z} =

sz — ax; = b)(=x) =

= Zale +2b2xl—22 X; Vi
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Least squares method (4)

a n
fp(a,b) = %{Z()’i —ax; — b)z} =
i=1

=) 2 —ax — b)(-1 =
=1

n n n
= Zaz:xi+2b21—22yi
i=1 i=1

i=1
Solve

fa(a:b) — fb(awb) =0

)
i

)

Qr equivalently
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Least squares method (5)

Oswpia BéAtiotou EAEyxou
TuApa Madnuoatikwv

56



Least squares method (6)

(a) | / , _Zn:xi\ /ixi}’i\
eI Sy e\ 5

nZl 1XiYi — (Z 1x1)(21 1Yi)

a = )

nyii, X;? (Zz 1xl)
QxR i y) + i D i)
nyigxi®— (Zi=1xi)
Note. Use the second derivative test in order to show that we have a
minimum for these (a,b).

b=
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Constrained Optimization Problems and
Lagrange Multipliers (1)

Minimize-Maximize

Q(x,y)

subject to constraints C(x,y) = 0.
Define the Lagrange function as

L(x,y,4) = Q(x,y) + AC(x,y)
Then all the relative minimum and maximum points of
Q(x,y) with x and y constrained to satisfy the equation C(x,y) =
0 will be among those points (x,, yo) for which (xq, yo, 1g) is a

maximum or minimum point of L(x, y, ).
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Constrained Optimization Problems and
Lagrange Multipliers (2)

These points (xg, Vg, A¢) Will be solutions of the system of

simultaneous equations
L,(x,y,A) =0
Ly(x,y,A) =0
Ly(x,y,A) = O(this is just C(x,y) = 0)

We assume that all partial derivatives exist.
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Example 12 (1)

Minimize
E = (2x)=*Q2y) =4xy

subject to constraints x? + y? = 202.

Define the Lagrange function
L(x,y,4) = 4xy + A(x* + y* — 20%)

Find the points that satisfy the system of simultaneous
equations

L,(x,y,A) =4y +2Ax =0
Ly(x,y,4) =4x + 21y =0
Li(x,y,A) = x% +y% —204=0

or
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Example 12 (2)

equivalently

y=—-Ax

1 1 1 1, A?
x=—§/1y:>x: —El(—zlx> :Z/l x=>(1—z>x= 0
>x=0VA=42
For x = 0 we have that y = 0 but 0% 4+ 0% # 20%4. Therefore
x=—yforA=2(ory =xforA=—-2)and

x24+vy2—-202=0>x+(—x)*-20=0>=

2x% =20% =
x = +10V2
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Example 12 (3)

and thus
y=—x = F10vV2
(respectively y = x = +10v/2)

Thus the only candidates for minimum-maximum points of the
constrained optimization problem are the pairs

(£10v2,+10v2)and (£10v2, ¥10v2).

The values of the function E = (2x) * (2y) = 4xy at these
points are respectively

E = (+10v2,+10v2) = 800
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Example 12 (4)

E = (+£10v2,¥10v2) = —800

Therefore we have a minimum for the pair

(10v2,-10v2) (and (—=10v2,10v2))

and maximum for the pair

(10v2,10v2) (and (—10v2,—10v2)).
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Preliminaries in Matrix Theory Positive
Definite Matrices

Let P, S be real symmetric matrices. If
yI'Py >0Vy #0
then P is called positive-definite matrix. If
yI'Py>0Vy #0
then S is called positive semi-definite matrix.
Notes.
 |f P is positive definite matrix then P is invertible.

 |f P is positive definite and S is positive semi-definite then
P + S is positive definite.

* The real symmetric matrix P is positive definite (semi-
W definite) iff the eigenvalues of P are positive (non negative)
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Negative Definite Matrices

Let P, S be real symmetric matrices. If
yI'Py <0Vy #0
then P is called negative-definite matrix. If
yI'Py <0Vy #0
then S is called negative semi-definite matrix.
Notes.
 |f P is negative definite matrix then P is invertible.

 |f P is negative definite and S is negative semi-definite then P +
S is negative definite.

* The real symmetric matrix P is negative definite (semi-definite)
iff the eigenvalues of P are negative (non positive).
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Positive - Negative Definite Matrices

The matrix P
P11 P12 P13
P = P21 D22 st]
P31 P32 P33
is positive definite iff
P11 D1 P11 P12 P13
p11 > 0, ‘P21 Pzz‘ > 0,|P21 P22 DP23|>0
P31 P32 P33
and negative definite iff
D1 Di P11 P12 P13 |
P11 <O, n ‘ > 0,|P21 P22 P23| < 0(sign changes)
21 P22
P31 P32 P33
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Positive - Negative Semi-definite Matrices

The matrix P
P11 P12 P13
P =1|P21 P22 st]
P31 P32 P33
is positive semi-definite iff
P11 D1 P11 P12 P13
p11 = 0, ‘P21 Pzz‘ >0,|P21 P22 P23|/=0
P31 P32 P33
and negative semi-definite iff
D1 Di P11 P12 P13 |
P11 =0, ‘p ‘ > 0,|P21 P22 P23| < 0(sign changes)
21 P22
P31 P32 P33
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Gradient of a function

Consider the function f (x4, x5, ..., X3,).

We define the gradient of f: R" — R with respect to x as

_a_f_
axl
af

of —

fo(x) — Ix — 59.52
o

L 0X,-

where x = (x1, X3, ..., x,) 7.
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Jacobian Matrix

The total differential of a function f: R™ — R" is defined by the
Jacobian matrix

Ofh Of2 O’
dx; O0xqy 0x
o |20 9 O
A (93.62 69.52 69.52

of, of, of,

0x,, O0X,; O0Xppd
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Properties of the Gradient Functions (1)

d(xTc)  A(xqicy+xzc++XmCm)
1 = =cC
dx 0x

(A11X1 T 12Xy + =+ + Ay X |

9(Ax) 0 |Q1X1 T AxpXy T+ + Aoy Xy
2. = — .
ox ox
|Ap1X1 + ApaXy + o+ Apm X |
'a11 a21 anl ]
@2 G2 An1 | _ AT
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Properties of the Gradient Functions (2)

—— N———
C1 C2 T
= + =Mx+M"x
d0x dx
0 T
~ Ifis M real symmetric matrix then (x_Mx) = 2Mx.

X
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Hessian Matrix of Functions

We define the Hessian matrix of f(x) as

02f [0* ]

fxx:ﬁ_ oxox|

- 0°f 0°f
dx? 0x,0x,
0%f %f

0x,0x, 0x5
o2f  3%f

02 f

0x10%,,

0x,,0x1 0Xx,,0X5

" 0x,0%,
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Properties of the Hessian Matrix

Properties
. az(xTi\/Ix) _ 6((M+MT)x) _ a(xT(MT+M)) M+ MT.
dx ox ox

92 (xT Mx)
J0x2

2. If is a real symmetric matrix then = 2M.

3 f=f(x®,y®) = df = [f] dx + [ ] dy
4. f=fx@),y(),t),y) =yx(),t)

L af af_l_ayTaf
dx dx dx 0y
Cof _ [af_l_ayTaf Tax_l_ [af Tay_l_af
ot dx dx dyl Ot dyl ot Jat
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Taylor series of a function

e
9 1T
= fe) + || | -0
1 o2
LRl INCEPSRYIO

dx + 0(3)

aZf
6x2]
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Relative Maxima-Minima (1)

» Afunction f: D —» R,D S R" has a relative maximum f(a)
at the point (a, f(a)) if f(a) = f(x) for all x in some region
containing a.

» Afunction f: D - R,D € R" has a relative minimum f (a) at
the point (a, f(a)) if f(a) < f(x) for all x in some region
containing a.

Theorem 3. (Necessary Conditions) Suppose that f (x) attains a
relative minimum value (resp. relative maximum) at the point a
and the gradient V. f exists. Then

0
D Uflma=0e3L =0

0X;
L Xi=aj
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Relative Maxima-Minima (2)

2) K= [kij] = [azf(x)”xza = frx|x=q iS a positive semi-

2
definite (resp. na:gative semi-definite)
Sufficient Condition: K is positive definite (resp. negative
definite)
Notes:
« If x" Kx change signs at x = a then a is a saddle point.

 If K is positive semi-definite or negative semi-definite then
we need more information in order to decide if the point is

minimum or maximum (terms of order 3). The point a is

called singular.
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Example 13 (1)

Find the relative minimum-maximum of
fCuy,z) =x* +y* + 2%, —0 < x,y,z < +oo
Since the partial derivatives

fr =—=2x fy —2 fz— —ZZ
exist and

1 fx — fy — fZ = 0 = (X,y,Z) — (0,0,0)
" 0°f  9°f  9%f ]
g;c; agczafy 6ax26fz 20 0
2. K= =10 2 0|>0
dydx 0y? 0yoz

a%f  0%f  0%f 00 2
9z0y  9z2
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Example 13 (2)

Thus we have a relative minimum at (x,y, z) = (0,0,0)
f(x,y,z) — f(0,00) =x? +y?2 +2z%> -0 =
=x‘+y°4+z:=20>
f(x,y,z) —f(0,00) > 0=
f(x,y,2) = f(0,0,0)
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Example 14 (1)

Find the relative minimum-maximum of
floy) =x* = y%—0 < x,y < +oo

Since the partial derivatives

both exist and

1. fr=H=0s (x,y) = (0,0)

2r

| ax2  oxay _[2 0]

2 K=y a7 |Tlo -2
dy?
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Example 14 (2)

We have a saddle point at (x,y) = (0,0) since K has positive
and negative eigenvalues.
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__L(x,u,2): Lagrangian

Constrained Optimization

Let J(x,u): R™ - Rand f: R"™ - R™, f(x,u) = 0 where
u(t) € R", x(t) € R".

Problem. Find the minimum-maximum of J(x, u) under the
constraints f(x,u) = 0.

1%t solution. Solve the second equation and substitute in the
function J(x,u). Then apply the known criteria.

2"d solution. Lagrange multipliers.

From the function
L(x,u,A) =J(x,u) + Af (x,u)
A=Ay, 4,,..,4,,), A;: Lagrange multipliers
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Necessary Conditions

Then all the relative minimum and maximum points of J(x, u),
with x and y constrained to satisfy the equation f(x,u) = 0,
will be among those points

(0, Ug )
for which (xg, 1y, 1y ) is @ maximum or minimum point of
L(x,u, ).

These points (xg, Uy, A9 ) Will be the solutions of the system of
simultaneous equations

L,(x,y,A) =0
Ly(x,y,4) =0

Ly(x,y,A) = O(this is just f(x,y) = 0)
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Example 15 (1)

Find the point on the plane
x+2y+2z=4

that is closest to the origin or equivalently minimize
f(x,y,2) = x% + y? + z2

Subject to constraint

x+2y+2z=4
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Example 15 (2)

Define the Lagrangian

L(x,y,2,2) = x% + y? + 22 + Ax + 2y + 22 — 4)
The necessary conditions are

oL

_ 92

oL

— =2 A=0
Ep X +

— =2 24 =0
57 Z +

=x+2y+22—4=OJ
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Sufficient Conditions

Let

_|vr [ _[for\ afT]
v =" \=|(3) (5

the Jacobian of the constraints

and
T, (x) = {§: D, (x)¢ = 0)

be the tangent plane at the point x on the surface defined by
the constraints. Then
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Theorem 3

Suppose
f(x); P1 (X), . (X), ) QDm(X)

have continuous second partial derivatives in R™ and let
(x*, A7)
be a stationary point of the Lagrangian L(x, A).
If
ET L (", A > 0,¥¢(# 0) € T, (x")
then x™ is a strong local minimiser of f(x) subject to constraints

P1(x) = @z(x) =+ = g (x) = 0.
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r-tos=a-[2] (2]

|-G (f> :

$2

gTLx_x (x*,A")¢ =

ol

of

du

)&

Example 15 (3)

_1 [
) I] L (x*, A7) (a

f

X

) (3

|

af
u

)

P

V¢ (# 0)

)

¢, >0
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Example 15 (4)

Lx,y,z,)) =x?+vy*+z°+ Ax+2y+2z—4)
Dy(x)=V, =(1 2 2)

—28y — 283
T,(x)={&1 2 2)=0}= &
L $3
2 0 0
Lxx=[0 2 0|>0
0 0 2

{TTLxx(X*,/l*)g ) )
2 0 07|28 —2¢;
=[-2§, — 283 3 53][0 2 0] $2
0o o 20| &
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Example 15 (5)

=2(=&—&)° +2(&)° + 2(&)* > 0,vE# 0
Therefore

8

8 —8l— }
9’ T 9" T 70

4
=57
minimize the function
flx,v,z) = x? + y? + z2
subject to constraint

x+2y+2z=4
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